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Jointly typical sequences

Here is a little more detail about the proof of the Noisy Channel Coding Theorem, specifically the proof 
that the mutual information is an achievable rate. (Based on Chapter 8 of Cover and Thomas.)

A noisy classical channel is characterized by the conditional probability function p(y|x), the probability 
that the letter y is received when the letter x is sent. We consider using the channel n times to send n 
letters. We use a code with rate R; that is we send one of 2^{nR} n-letter messages, so that we attempt 
to convey nR bits of information in n uses of the channel. We say that the rate R is achievable if there is 
a sequence of codes with rate R such that the probability of of a decoding error approaches zero as n -> 
infinity. The capacity of the channel is the supremum of achievable rates. 

Following Shannon, we consider constructing an n-letter code by generating 2^{nR} codewords, each 
time sampling from an i.i.d. probability distribution, in which the letter x is selected with probability p(x). 
For any such code, we consider a codeword selected uniformly at random from among the 2^{nR} 
possible codewords. We would like to obtain an upper bound on the probability of a decoding error when 
this codeword is sent through n uses of the channel. To do that we have to choose and analyze a 
decoding procedure. 

Our decoding procedure is "jointly typical decoding". When a correlated probability distribution p(x,y) is 
sampled n times to generate strings 





Slepian-Wolf coding

In Sec. 5.1.2 of the lecture notes, it is claimed that if a joint distribution p(x,y) is sampled n times, where Alice 
receives n-letter message x and Bob receives n-letter message y, then Alice can send nH(X|Y) bits to Bob, 
enabling Bob to determine x with high asymptotic success probability. Here we explain in more detail the coding 
scheme that Alice and Bob use to achieve this. It is a special case of "Slepian-Wolf coding" (Cover and Thomas 
Sec. 14.4).

Alice sorts all possible n-letter messages into 2^{nR} bins which are selected uniformly at random. The choice of 
bins is known to both Alice and Bob. Alice sends to Bob the nR bits that identify the bin that contains her message 
x. Thus Bob knows both y and the bin; he decodes y as x if x is the unique message in this bin that is jointly typical 
with y. Otherswise he choses an arbitrary decoding.

A decoding error occurs if 
(1) The Alice's message x and Bob's message y are not jointly typical. This occurs with probability no larger than 
epsilon.


