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Jointly typical sequences

Here is a little more detail about the proof of the Noisy Channel Coding Theorem, specifically the proof
that the mutual information is an achievable rate. (Based on Chapter 8 of Cover and Thomas.)

A noisy classical channel is characterized by the conditional probability function p(y|x), the probability
that the letter y is received when the letter x is sent. We consider using the channel n times to send n
letters. We use a code with rate R; that is we send one of 2°{nR} n-letter messages, so that we attempt
to convey nR bits of information in n uses of the channel. We say that the rate R is achievable if there is
a sequence of codes with rate R such that the probability of of a decoding error approaches zero as n ->
infinity. The capacity of the channel is the supremum of achievable rates.

Following Shannon, we consider constructing an n-letter code by generating 2*{nR} codewords, each
time sampling from an i.i.d. probability distribution, in which the letter x is selected with probability p(x).
For any such code, we consider a codeword selected uniformly at random from among the 2"nR}
possible codewords. We would like to obtain an upper bound on the probability of a decoding error when
this codeword is sent through n-uses of the channel. To do that we have to choose and analyze a
decoding procedure.

Our decoding procedure is "jointly typical decoding". When a correlated probability distribution p(x,y) is
sampled n times to generate strings

!

(X, Yo = X0, 9y 1a =Y. ) = (X, G
17':] The /& w OF /‘\V"Jf V\'ﬂmé("ﬁ we Know ﬂ:\j/’m eatl
Pixed $,8 20 it fan Choose n sufficienTl, larsC
S0 thed, w1 1L ﬂ""g’lé"[’fj-_ > [-T ()—{,‘7’) B ‘)om?"%

/7
t
’

5'7’»),91(_0-—6 ¢ . C.
om0 $T oy el T
Z-»\mmw? ¢ P15 < Z_HCH/Y)—IY,

o CAtee D gy S LAY 4T

The Hmméf\f /\/rhm 0/ J.aw\f% ﬁ,pufﬁ fegh omn (s Jqﬁ:/}?{
1 > rZ pi,5) % N g-n LAY+
i — N < Zh[ﬁ/xv)+47
— «—'r, —_

When @oé vecelves ";T ) Then ;f ﬂwe ;{ unigu w/euw/

X J'omf"ﬁ_’ fap e w A Y LR Aeesles 7’&! x.
O cv ~wisc he AvecodeS  n 8 ,‘..-g,f;qv7 uq:_

A Juoéfw\7 evvm occLuvy ,/ e17r\qx, 4 X:e A/Auznj
Aqr)’(V\:



O e sonT and verewed mesass are vl J'om7"Z7
f'jﬁ?(—"{ . le.l! s e uvrs w)ﬁ /;y-péqéj/z}; é 5.

Z feve 1S a eidewovd X sHer Kavn K< one roT
whielh g J'ow\f/nI 79p1cod 1T AR veceaved merr4€ g

—

Supposc  7he® ¥, was actidkly st and Y, recoved,

aa.z( .z(cf ;;_ lc 4»\17{QY‘ co elJov't/ 4’/#[(\/2»/\7‘" ﬂaz«v

—;(- whaT s y L+ /N‘céﬂédlfy_ Fal ; and —‘;, avr?@
) > 7
J"’\\'\ij 7"7/’ “—VC{
8((4.1456 ;(—L awd g, weve Jzﬁwwume/ 47 J-tmfjlvxj
11 KQY) eh/eh+/7 ) ’C"El v e Mn(.bvve‘eo\ﬁ/-' ﬁe

pra{o\_édlt) ﬁ\of ;; q.,\éﬂ 9_, were 72»&\/47‘?/ /4175’11‘2?S
lnq P/Yd,_‘) /),;)) (&e proo[hé f&? x:\f Mqr‘ﬁ‘h—,p’c
disTri b Tin Fo~ ;C— avd g) 7R /VVDéﬂéfi[!Z; d7z

‘017\7—‘ 7< /°7LVCIT )'s
J ! ! o HAT 145 o)1 o CHU]

T opia)pl9) s 2 /
oot e

(;1__ _,) r‘af
) 7 Qpptr gahv\/

o /\/7"75 60b\|¢\{ﬂ a% — Pr-a 0
ow PV L —-
T-—,ﬂ)tr( Xe Ta P! ra

. AT Y) - 387

R —
TLeye ave (Zh —lr) wleoorde o Koy Katn X, P mujkf
have been sen?. S , averaged ovev cohe€S awndd
codewovds,

n(T/x;Y)-3d
ar(lh/a"))zk‘[ ]

o Lr-R-3(7

Lov am i Eﬁj

\A

f(’pé. /Z ‘(e”@@lml) vV oY

A



Slepian-Wolf coding

In Sec. 5.1.2 of the lecture notes, it is claimed that if a joint distribution p(x,y) is sampled n times, where Alice
receives n-letter message x and Bob receives n-letter message y, then Alice can send nH(X]Y) bits to Bob,
enabling Bob to determine x with high asymptotic success probability. Here we explain in more detail the coding
scheme that Alice and Bob use to achieve this. It is a special case of "Slepian-Wolf coding" (Cover and Thomas
Sec. 14.4).

Alice sorts all possible n-letter messages into 2*{nR} bins which are selected uniformly at random. The choice of
bins is known to both Alice and Bob. Alice sends to Bob the nR bits that identify the bin that contains her message
x. Thus Bob knows both y and the bin; he decodes y as x if x is the unique message in this bin that is jointly typical
with y. Otherswise he choses an arbitrary decoding.

A decoding error occurs if
(1) The Alice's message x and Bob's message y are not jointly typical. This occurs with probability no larger than
epsilon.
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