Ph/CS 219, 4 March 2009 @
"Quantum Merlin-Arthur and the local Hamiltonian problem"”

As we have discussed, we expect that quantum computers can compute the ground state energy of local
Hamiltonians in cases where the problem-is hard classically; this may be an important application for quantum
computers. On the other hand, we believe that in some cases computing the ground state energy of a local
Hamiltonian is still hard even for quantum computers. Let us try to understand more deeply the reason for this
belief.

Physicists are often interested in translation-invariant geometrically local Hamiltonians, in which all qubits
interact in the same way with their neighbors (except for the qubits at the boundary of the sample), because such
Hamiltonians provide good models of some real materials. But Hamiltonians that are not translationally invariant
are also useful in physics (for example, when modeling a material with "disorder" due to dirt and other inperfections
in the sample. If the Hamiltonian is not translation invariant, then we can formulate an instance of an n-qubit local
Hamiltonian problem by specifying how the Hamiltonian varies from site to site in the system. Physicists sometimes
refer to such (not translationally-invariant) systems as "spin glasses".

Even in the classical case, where the variable at each site is a bit rather than a qubit, finding the ground
state energy of a spin glass to constant accuracy can be an NP-hard problem. Therefore, we don't expect classical
and quantum computers to be able to solve the problem in general (unless NP is contained in BQP, which seems
unlikely).

Let's first understand why the classical spin-glass problem can be NP-complete. Then we'll discuss the
hardness of the quantum problem. We'll see that in the quantum case finding the ground state energy of a local
Hamiltonian is QMA-complete. (Recall that QMA is the quantum analogue of NP: the class of problems such that
the solution can be verified efficiently with a quantum computer if a suitable "quantum witness" is provided.)

For the classical case, we'll recall the notion of a "reduction” of one computational problem to another (B
reduces to A if a machine that solves A can be used to solve B), and then we'll consider this sequence of
reductions:

1) Any problem in NP reduces to CIRCUIT-SAT (already discussed previously); i.e., CIRCUIT-SAT is NP-complete.
2) CIRCUIT-SAT reduces to 3-SAT (3-SAT is NP-complete).

3) 3-SAT can be formulated as the problem of finding the ground state energy of a classical 3-local Hamiltonian to
constant accuracy.

4) MAX 2-SAT is also NP-complete and can be formulated as the problem of finding the ground state energy of a
classical 2-local Hamiltonian to constant accuracy.

5) The classical 2-local Hamiltonian problem is still hard in the case where the Hamiltonian is geometrically local, in
three or even in two dimensions (cases of interest for describing real spin glasses).

(5) implies that a spin glass will not be able to relax to its ground state efficiently in any realistic physical process
(which is part of what physicists mean by the word "glass").

Language: Recall (as discussed earlier) that if f is a uniform family of Boolean functions with variable input size ,
f:{0,1}* -> {0,1}, then the set of input strings accepted by f is called a language:

L={xin{0,1}* :f(x) =1}.

NP: We say that a language is in NP if there is a polynomial-size uniform classical circuit family (the verifier V(X,y))
such that:

If x in L, then there exists a "witness" y such that V(x,y)=1 (completeness).
If x not in L, then, for all y, V(x,y)=0 (soundness).

Reduction: We say that B reduces to A if there is a polynomial-size uniform classical circuit family R mapping x to
R(x) such that B accepts x if and only if A accepts R(x). This means we can hook up R to a machine that solves A
to construct a machine that solves B.
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An important problem in NP is CIRCUIT-SAT. The input to the problem is a Boolean circuit C ( with an n-
bit input and G= poly(n) gates), and we are to evaluate the Boolean function f(C), where

f(C)= 1 if there is an input x such that C(x)=1,
f(C)= 0 otherwise.

CIRCUIT-SAT is in NP because we can simulate the circuit C. Given as a witness the value of x that C accepts,
we can verify efficiently that C(x)=1.

Furthermore, CIRCUIT-SAT is NP-complete (any problem in NP reduces to CIRCUIT-SAT), as we
discussed previously. If V(x, . ) is the verifier for an NP problem with a fixed instance x, we may think of V(x, . ) as
a circuit whose input is the witness y. Solving the CIRCUIT-SAT problem for this Boolean circuit tells us whether
there exists a witness that the verifier accepts, and therefore solves the NP problem.

Now we come to a further reduction that we did not discuss previously: CIRCUIT-SAT reduces to 3-SAT,
and therefore 3-SAT, too, is an NP-complete problem (the Cook-Levin theorem).

For the SAT problem, the input is a "Boolean formula™ with n variables, where each variable is a bit. The formula
is a conjunction of clauses, and the formula is true if and only if every clause is true. In the k-SAT problem, each
clause depends on at most k of the variables, where k is a constant. (In some formulations of k-SAT, each clause
is required to be a disjunction of k "literals" (variables or their negations), but that is not an important requirement,
since any formula, and in particular any k-bit formula, can be expressed in conjunctive normal form.). If fis a
Boolean formula, the SAT function is:

SAT(f) = 1 if there exists x such that f(x)=1
SAT(f) = 0 otherwise.

Now we'll show that CIRCUIT-SAT reduces to 3-SAT. For a given circuit C (the input to CIRCUIT-SAT),
how do we construct the corresponding Boolean formula R(C) (the input to 3-SAT)?

Suppose that the gates in the circuit C are chosen from the universal set (AND, OR, NOT), or any other gate set
such that each gate has at most two-input bits and one output bit. We introduce a variable for the output of each
gate, and we include in the formula R(C) a clause corresponding to each gate.
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The formula R(C) has as variables the input x to the circuit C, and also additional variables corresponding to the
outputs of all gates in the circuit C. R(C) has been constructed so that an assignment that satisfies every clause in
C corresponds to a valid history of the computation of the circuit C acting on input x, where the input is accepted. If
there is an input x that is accepted by the circuit C, then there will be a satisfying assignment for the 3-SAT formula
R(C), and conversely if there is no input that C accepts, then there will be no satisfying assignment for R(C).

The key idea we have exploited to reduce CIRCUIT-SAT to 3-SAT is that the witness for 3-SAT is a valid history of
the whole computation C(x) that accepts the input x. We can check the history efficiently because the circuit C has
polynomial size and it is easy to check each of the poly(n) gates in the execution of the circuit. Later on, we will
extend this idea --- that a valid history of the computation is an efficiently checkable witness --- to the quantum
setting.
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