Studying quantum systems using a quantum computer
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We have argued that a quantum computer can efficiently simulate the time evolution of a quantum system with a
local Hamiltonian; i.e., it can solve the time-dependent Schroedinger equation. Another thing that physicists and
chemists want to do is solve the time-independent Schroedinger equation; i.e., compute the energy eigenvalues
of a Hamiltonian. For example, chemists say that estimating the ground state energy of a molecule to "chemical
accuracy" (about one part in-a million)-is valuable for predicting the properties of chemical reactions.

Estimating energy eigenvalues and preparing energy eigenstates
Ph/CS 219, 2 March 2009

[Actually, it is a subtle question whether the Hamiltonians typically studied by quantum chemists can be regarded
as local. The goal is the determine the quantum state of many electrons with the positively charged nuclei held at
fixed positions. The position of the electron is really a continuous quantum variable, but we can express the
electron's state in terms of a finite set of orbitals --- the issue is whether the electron orbitals couple with one
another only in clusters of constant size as the number of electrons increases.]

In general, finding the energy eigenvalues of a local Hamiltonian seems to be a hard problem classically
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How hard is it to simulate a quantum computer?

Clearly, we would like to understand more deeply the classical and quantum complexity of solving the time-
dependent and time-independent Schroedinger equations. In particular, we wish to identify cases for which the
problem seems to be hard classically and easy quantumly, for these are cases where quantum computers will find a
useful niche.

More broadly, why do we believe that quantum computers are more powerful than classical ones, and what is the
source of the quantum computer's power? Roughly speaking, it seems to be hard to simulate a quantum system
with a classical computer because the Hilbert space of the quantum computer is exponentially large in the number of
qubits n, and that exponentially large Hilbert space is needed to accommodate and describe the quantum
correlations among the qubits in a many-body quantum system. From this perspective, it seems legitimate to claim
that quantum entanglement is the source of the quantum computer's power.

On the other hand, that claim may be too simplistic, because:

1) Some quantum computations that generate highly entangled quantum states are easy to simulate classically.
We'll see an example next term when we discuss (in connection with quantum error correction) quantum
computation using the Clifford group.

2) For mixed states, simulating a quantum computation classically might be hard even if the state remains separable
(that is, unentangled) at all times during the computation --- even if the correlations among the parts of the quantum
computer are "classical" they could still be hard to simulate. You examined an example for HW problem (6.1):
estimating the trace of an exponentially large unitary matrix using just "one clean qubit".
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So let's ask the question this way: for for quantum computation with pure states, if the qubits in the computer never
becomes highly entangled during the course of the computation, can we simulate the quantum computer efficiently

with a classical computer? As we'll see, the answer is yes.
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Imagine that n qudits (d-dimensional systems) are arranged in a line, and consider cutting the systems into two parts
anywhere along the line: there are m qudits to the left of the cut and n-m qubits to the right of the cut. Suppose that
for any way of choosing where we cut the chain, the entanglement between the two parts is bounded above by a
constant (independent of the system size n). We could quantify the entanglement in various ways, and the
conclusion would be the same, but to keep the discussion simple let us use the Schmidt number. Recall that the
Schmidt number is the number of terms in the Schmidt expansion of a bipartite pure state --- equivalently it is the

rank of the density operator for either part.
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