Ph219/CS219: Quantum Computation
Fall 2005

Solutions to Problem Set 1

Problem 1.1
We first express Bob’s EZ in his Schmidt basis {|3;)} as
E} = Zmi,j|ﬁi><ﬁj| ; (1)
.3

where the Schmidt decomposition of |¥) is
By = 37 i low) © [6e) 2)
k

Therefore, the unnormalized state after Bob’s projection is

(I®EP)|v) = Z\/p_kmzk lo) @ [Bi) - (3)
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Two bipartite states are “locally” equivalent if they have the same Schmidt
coefficients. So, Alice wants her projector E2 to project the initial state |¥) to a
state with the same Schmidt coefficients as Bob’s projector EZ. She can choose the
projector EZ' to have the same form as EZ, but now in her Schmidt basis {|a;)},
i.e.

Ef =Y mijlai){ay] . (4)
0]
The unnormalized state after Alice’s projection is
(Bl @ 1) %) =Y /P mig ) © |Br) - (5)
ik

The states in Egs. (3) and (5) have the same norm, so the outcome a occurs after
Alice’s or Bob’s projection with the same probability. Furthermore, the two states
differ by a “swap” |ok) @ [5;) — |ow) ® |Br).

This means that if Uf ® UL rotates the state after Bob’s projection in Eq. (3) to
Schmidt form, then UZ @ U2 will rotate the state after Alice’s projection in Eq. (5)
to Schmidt form (with the same Schmidt coefficients). Therefore

A UP) (I0 EP)|w) = (UP UL (BAaT) D). (6)



= (I2ER) W = (VA VE) (B el)|v), (7)
where VA = (UA)~'UP and VP = (UB)-'UA. O

Problem 1.2

The GHJW theorem says that two ensemble realizations {|a;), p;} and {|¢u), .} of
a density matrix p
p = 2 pilo){al
1

= >0 (®)

are related by
Vil on) =D V/Pi Viilew) 9)
for some unitary V.

Now, in the forward direction, suppose ¢ < p. By Horn’s lemma we can write
G =3 Vilpi (10)
i

for some unitary V. Therefore, if p = Y p; |o;) (|, we can define |¢,) by Eq. (9).
We can then check '

2 |6 (dul = Z'\/pipj Vi loa) (o] Vs

I

] (11)
= 2 pilou){ail
1

since 3 V.V, ; = 6; j for V unitary.
I

For the converse, suppose p has the two ensemble representations in Eq. (8).
Computing the norm on both sides of Eq. (9) we get

G = 2 /PiPi Vi Vi (ajlo)
Moo (12)
= 2 Vil pi-

Since D such that D, ; = |VW-|2 for V' unitary is doubly stochastic, it follows that

q<p. 0

Problem 1.3 If the deterministic transformation |¥) — |®) is possible, then
there is a POVM with elements {M,} Alice can perform and a superoperator &,



conditioned on the outcome p of Alice’s measurement that Bob can apply so that
Vi (19 &) (Muw)(W]M]) o |@)(@], (13)

where ZMEM“ = [. This follows from Problem 1.1 and the fact that Alice’s
o
post-measurement unitary can be included in the M,’s.

Bob’s superoperator £, cannot change Alice’s reduced density matrix pA, so that
A A
Vit My py MY = ¢ ph (14)
where pg = Trp (|U)(¥]), p4 = Trp (|]®)(®|) and c, is the proportionality constant

such that ) ¢, =1 (since ¢, is the probability of outcome ).
I

We first polar-decompose M), p{f, to get

M/ Pé =/ M, Pé M;Tt Up =/ u pé Uy (15)

where U, is unitary and we have used Eq. (14). This decomposition is useful if we
consider the sequence of identities

Py =\ P\ pe =\ T\ =D A/ p MiM, \/p . (16)
I
Therefore, using Eq. (15) we can write
pE = /s MM, \/p}
I
= ZUE\/ Cu P/ Cu Py Uy (17)
n
= X U;Tt pg Uy -
n

This means that p{f, is obtained from pé by applying a unitary U, conditioned on
the outcome pu.

Let "
Pt = Tpllil,

1
pg = Y p2la)(al.
a



Then, using Eq. (17), we have

py = 2oLl
= Ycup? Ul |a)(al U,
,a
= % curl (Ubaa i) (k] (U)ox
H,a,,
= Y cupd (UD)ai (UL, i) (K]
w,a,i.k (19)
= pf = Yeup® (Uh)ai (UDL
,a
= 2<2cu|<U£>a,z-|2> pe
a M
= ZDi,apg)v

where D; , =) cu|(Ug)a7i|2 is doubly stochastic because U is unitary and ) ¢, =1
1 1

(note that S [(UD)ail?> = S (U))asl? = 1). Hence, p¥ < p®. O
7 a

Problem 1.4 Let’s first repeat our model for the protocol Alice and Bob use—all
details of the protocol will be known to both parties. The protocol has three stages:
(a) Alice prepares two distinguishable density matrices py and p; in system AB
depending on her choice of a = 0 or a = 1 respectively, (b) Alice sends system B to
Bob through a quantum channel and keeps system A to herself, (¢) Alice decides to
reveal her committed bit and sends her system A to Bob. He now has both parts
of the system AB, so holds either pg or p; and he can perform an operation that
distinguishes them to learn a.

After stage (b) and before stage (c), Alice and Bob can wait an undefinitely long
time before proceeding to the next stage. If the protocol is concealing then there is
no quantum operation Bob can do in the system B he holds which will reveal Alice’s
choice for a. The protocol will be binding if there is no quantum operation Alice
can do after stage (b) and before stage (c¢) on her system A that can change—if she
wants—pg to p1 or vice versa without Bob being able to discover that she cheated.

First, the two density matrices pg and p; have a purification on system A and
its “environment” F 4 and system B and its “environment” Epg

po — |Wo) 5 p1 — |P1) . (20)

Without loss of generality we can assume Alice (who may try to cheat by changing
her bit) and Bob (who may try to cheat and learn Alice’s bit before stage (c)) have



full control over their environments. Thus we can consider the state on system AB
after stage (b) and before stage (c) to be one of |¥g) or |¥;). Clearly any scenario
in which the actual state is mixed gives less power to Alice and Bob to achieve their
goals and can be simulated with pure states alone e.g. by attaching ancillas that
simulate random bit generators that help them realize the ensemble corresponding
to their density matrices.

Now, assume the protocol is concealing. After stage (b) and before stage (c),
Bob may try to cheat and learn what bit Alice has committed but he will fail to
gain any information about a. This implies that

B,E B,E
Py P =010 (21)
where pf’EB = Trap, (|¥:)(¥;]),i € {0,1}. In other words, the fact that Bob
cannot distinguish ¢ = 0 from a¢ = 1 by performing a measurement on B and its
environment Ep means that the reduced density matrices for the two cases look
exactly the same to him.

But then, the GJHW theorem says that any two pure states on ABE 4 E'g related
by Eq. (21) on the reduced system BEp differ by a unitary on one system alone, i.e.

|¥1) = (Ua,g, @ Ip,Es) Vo) - (22)

The unitary Ua g, ® Ip g, has support on system A and its environment E,4 that
Alice holds after stage (b). Therefore, Alice can cheat by applying Ua g, if she
decides to change her committed bit a before sending her system to Bob in stage
(c), and Bob will not be able to tell the difference. Hence, the protocol is not
binding. [



