Ph219/CS219: Quantum Computation
Winter 2006

Solutions to Problem Set 5

Problem 5.1

a) Reading the circuit diagram, U} = (H®I)A(P)(H®I), where A(P) = diag(1,1,1,17)
and H = %(X + Z) 1. We can express H ® I and A(P) in block form as

1 (1 1\ (1 0

where I (resp. O2) is the 2 x 2 identity (resp. zero) matrix. Thus,

2 0 0 0
U1:L<I+P I—P)ZL 0 147 0 1—34 @
2\T1-P I14+P 210 0o 2 o0
0 1—i 0 144

We note that Us = (I ® H)A(P)(I ® H) = SWAP U; SWAP, where the SWAP gate
acts as SWAP: |ij) — |ji) for i,j € {0,1}. Therefore, Uy can be obtained from U
in Eq. (2) by interchanging the second and third row and also the second and third
column. The result is

20 0 0
1 0 2 0 0
Uy = — . . 3)
V2| 0 0 144 1—4
0 0 1—2 144
Let |u1) = |00) and |ug) = %(|01>—|—|10>+|11>). Then we can check Us|u;) = |u;)

for all 4,7 € {1,2}.

b) Let |us) = %(\OD —110)) and |ug) = %(!OD + [10) — 2|11)), so that the set
{lu;) :i=1,...,4} forms an orthonormal basis. Then, the unitary V' that describes

the transformation from the computation basis to this new basis is

1 0 0 0
o L 1 1
v=l, w4y ()
V2 V2
o L L 2
Ve V6 Ve

'We use the shorthand notation for the Pauli matrices X = ox, Y =0y and Z = o,.



Expressing U; and U; in the new basis amounts to conjugating them by V', or
Ui (Ui)new = VU VT for i = 1,2. By explicit calculation

1 0 0 0
01 0 0
(Ul)ncw = 3+i \/g(—l—i-i) ) (5)
0 0 T T
V3(=14i i
00 (4 ) 1—23
1 0 0 0
01 0 0
(U2)new = 0 0 % \/g(i—z) ) (6)
V3(1—i i
o 0

and we see that the two gates act trivially on the two-dimensional subspace spanned
by |u1) and |ug), as expected.

c¢) From part (b), U; and Us restricted on the two-dimensional subspace on which
they act non-trivially are

% \/§(Zl+z’) % \/§(i—i)
Ur=1 5149 143i V2= \m0-4 143i : (7)
1 1

4

We can expand these 2 x 2 matrices in the basis of the Pauli matrices {I, X,Y, Z}.
Let Uy = ol + 8X +~Y + 6Z. Then, note that tr(U;) = 2a = 1 + i, or a = /i/2.
Also, tr(U1 X) =20 = @(—14—@'), or B =/i/2 (iv/3/2). Similarly, tr(U,Y) = 2y =
0, or v = 0, and finally tr(U1Z) = 26 = (1 —4)/2, or § = /i/2 (—i/+/2). Thus,

1 1
U =Vi|—=I—i—z1i1-7) , 8
Vi3t i ) )
where 717 = (—/3/2,0,1/2)T.
Repeating the same calculation for Uy we find expansion coefficients oo = 4/i/2,
B=1/1/2 (—iv/3/2), v =0, and § = \/i/2 (—i/+/2). Thus,
1 1
Uy =Vi|——=I—i—=1y-5) , 9
= Vi( G5t 9) )
where 17y = (v/3/2,0,1/2)T.
d) From part (c),
1l — /2 (_L PR ORI I (0 S S S SV
Uy U=V z(\/il—l—zﬁng 0)(\@] UvoRd! O') (10)
= 5 —ig(i1 —1ia) - G + (i1 - ) (12 - T)



We can now use the identity
(11 - &) (rig - &) = 10y - i + 00 - (11 X 1ig) , (11)

with 7y - 1ig = —1/2 and 77y x 1y = (0,v/3/2,0)7 and substitute in Eq. (10) to find

Uyt =11 - il k7 (12)
where k = (—%, %’ 0). This is a rotation around the axis k by an angle 6 such
that cos(g) = 1.

Problem 5.2

a) Clearly a monic rational polynomial of degree one has a rational root, which ¢is
is not. We therefore try to find a monic rational polynomial of degree two. Since
its coefficients are rationals, its roots must be complex conjugates of one another.
We therefore obtain the polynomial

P(z) = (z — e’g)(x - e_ig) = 22 — 2cos <§> r+1=2a%— %x +1. (13)

b) Let A(z) = 2™ — 1, and consider the division of A(x) by P(x). Then
A(z) = P(z)Q(z) + R(z) , (14)

for some rational polynomials Q(z) and R(z), where R(z) has degree less than the
degree of P(x). But A(a) = 0 and P(a) = 0, which implies R(a) = 0. We have
found that a is a root of R(x), which is a contradiction because P(z) is the minimal-
degree rational polynomial with root a. The only way to avoid the contradiction is
if R(z) =0, Ya. Thus, A(z) = 2™ — 1 = P(2)Q(x).

c) Let A(z) =Y ayz!, B(z) =3 bpz™ and
l m

C(x) = Z cpa® = A(z)B(z) = Z abpattm (15)
k I,m

It is clear that C(x) is integral. Suppose it is not primitive. Then there exists a
prime p that divides all coefficients ¢j. In contrast, p does not divide all coefficients
a; (or else A(z) would not be primitive), and let a, be the lowest-order coefficient
of A(z) that is not divisible by p. Similarly, p does not divide all b,,, and let bs be
the lowest-order coefficient of B(x) that is not divisible by p. Consider the (r+s)-th
order coefficient of C'(x). From Eq. (15),

Cris = apbg + Z a; by, . (16)
l#r, m#s : l4+m=r+s
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Now, ¢,45 is divisible by p and so is every term in the sum on the right-hand side.
Indeed, for each term in the sum, either | < r and q; is divisible by p or m < s and
then by, is divisible by p. Hence, Eq. (16) implies that a,bs is also divisible by p and
so at least one of a; or by is divisible by p which leads to a contradiction. To avoid
the contradiction, we conclude C(x) is primitive.

d) Let r be the lowest common denominator of the coefficients of A(x). Therefore,
r is the lowest integer such that we can write rA(z) = A(z) with A(x) integral.
We can show that fl(m) is primitive. Indeed, if it is not primitive, then there exists
integer k£ > 1 such that %fl(m) is integral, or equivalently 7A(z) is integral. But
A(x) is monic, which means that the highest-order coefficient of £ A(x) is 7. Since
7A(z) is integral, k must divide r. We have found a new integer % less than r for
which £A(z) = Al(z), where A'(z) = %fl(:p) is integral. This is a contradiction
because r is the lowest integer for which this is true. We conclude that A(z) is
primitive. Similarly, we can write B(x) = %B () for some integer s and for B(z) a
primitive integral polynomial.

Now, P(x) = A(x)B(xz) = T—lsfl(:n) (), where P(z) is by assumption a monic
integral polynomial. Using part (c), A(x)B(x) is primitive integral since A(z) and
B(x) are primitive integral. Since P(zx) is integral, rs divides all coefficients of
A(z)B(x). This leads to a contradiction because A(z)B(x) is primitive, unless
rs = 1 or equivalently r =1 and s = 1.

e) Assume a is a root of unity (i.e., a”

= 1 for some integer n) and P(z) is the
minimal-degree monic rational polynomial that has a as a root. Then part (b) im-
plies that there exists monic rational polynomial Q(x) such that 2" —1 = P(x)Q(x).
Finally, from part (d), since ™ — 1 is monic integral, it follows that P(x) must be

integral. QED

Problem 5.3

a) We want to construct a controlled-SWAP gate, so let’s first consider the following
circuit that implements the SWAP gate using three CNOT gates.

T P Y

y N

N
A\

X

Indeed, this circuit implements the SWAP gate since (z,y) = (0,0) triggers none of
the cNOTs, (x,y) = (1,1) triggers the first and third ¢cNOT which have the same
direction and cancel out (since cNOT? = I), while (x,7) = (0,1) and (z,y) = (1,0)
trigger two CNOTs with opposite directions leading to a swap of the bit values.



To implement a controlled-SWAP we need to control each of the three gates in
this circuit from some control bit c. But a controlled-CNOT is nothing other than a
Toffoli gate! So our controlled-SWAP circuit is

b) We consider the following circuit

SWAP SWAP

v — -

When the control bit is ¢ = 0, the controlled-SWAP gates are not activated and the
circuit applies U on the third input y. If on the other hand ¢ = 1, both controlled-
SWAP gates are activated. First x and y are interchanged, then U is applied on =z,
and finally = and y are interchanged again. Overall, U is applied on the second
qubit z. So the control bit ¢ determines on which bit, x or y, the gate U will be
applied and leaves the other input unchanged.

We want to make the gate A(P) that applies P on the target (t) if the control
(c) is in state |1) and does nothing otherwise. Imagine we use the circuit above with
U = P, and connect the two inputs of the A(P) we want to simulate to the first two
inputs of this circuit. We don’t care what is connected in the third input to that
circuit, so we can just put any arbitrary input there, say |0). Then, if ¢ = 0 the gate
P is only applied on the third input which is arbitrary and the second input is left
unchanged. If ¢ = 1, P acts on the second input. Overall, we have simulated the
A(P) gate with the following circuit

SWAP SWAP

0) — — discard




¢) Since A(P) = diag(1,1,1,1),

A(P)R : |$7 Y, 0> = diag(ly 1,1, 0)|$7 Y, 0> + diag(oa 0,0, 1)|l‘, Y, 1> (17)

|$7 Y, 1> = —dZ(lg(O, 07 07 1)|3§‘, Y, 0> + dZ&g(L 17 17 0)|$7 Y, 1> .
Therefore A(P)g acts trivially on all inputs except for those with x = y = 1. In
that case, it leaves the first two qubits unchanged and it maps the third qubit from
|0) — |1) and from |1) — —|0). But this mapping corresponds to a X Z gate, since

XZ:<0 1)(1 0):<0 —1>' 18)
10 0 -1 10

Thus, A(P)gr applies a X Z gate on the third qubit when the first two qubits are in
state |1,1) and does nothing otherwise. Hence it is a controlled-controlled-X Z, or

A(P)r = A*(XZ).

d) Recall that HXH = Z and H? = I. Therefore (I ® I @ H)A2(X)(I ® [ ® H) =
A%(Z). Then, A2(XZ) = A2(X)A%(Z2) = N2(X)I ® 1 ® H)A>(X)I ® I ® H), or
schematically

AN(XZ) =

Problem 5.4

a) Choosing orthonormal bases {|i)4} and {|j)a/} for systems A and A’, the swap

operator is Saar = 3 (|#)(j])a ® (1) (il)ar. Then, with pa = trp(|¢)(¢))a = pa,
Z?]

traparp [(Saa ® Ip) (|19)(Bla @ |[6){(dlarp)] = traa [Saa(pa ® par)]

= ;<k|A<l|A’ (0 GNa @ (5) (i) ar | (pa® par)lk)all)a (19)
= 'Zkl‘sik‘sjl(pA)jk(Ph)il = %(PA)lk(PA)kl = ;(9,24)11 = trap% -
7R, )

b) The constant C' multiplying IT4 4/ can be determined from the requirement that
the average state is normalized, or equivalently tr(C I144/) = 1. But tr Ilqar = dgym
where dgym = d(d+1)/2 is the dimension of the symmetric subspace of AA’. To
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see this, let’s construct an explicit orthonormal basis for the symmetric subspace.
The states |i)4 ® |i) a4 for ¢ = 1,...,d are clearly symmetric, and there are d such
states. Furthermore, consider the states (]i)a ® |j)ar + |j)a ® |i)ar) /V/2 for i # j,
which are also symmetric and linearly independent from the previous ones. There
are (g) = d(d—1)/2 such states, giving a total of d+d(d—1)/2 = d(d+1)/2 linearly
independent basis states spanning the symmetric subspace of AA’. Therefore, C' =
1/dggm = [d(d +1)/2] .

c) Using part (b), <|¢><¢|AB ® |¢><¢|A’B’> = C llup;apr, where C = m
since dim(AB) = dadp. Taking the average on both sides of Eq. (19),

(ard) = trasas [(Sar © I55){16) (0145 © 16} (6L )]

=S traparp [(San @ Ipp)(Iapap + Sapap)]

=S trapap [San ® Ipp + 1o © Spp]

(20)

But, traa(Saa) = tr2Uaa — Laa) = 2% —d% = da. And therefore,
trapap (San ® Ipp) = traa(Saa) dy = dad%. Similarly, we can calculate
trapap (Iaar ® Spp) = d4dp, and substituting in Eq. (20),

2 g2
<t1“A,0124> _ dadp+dids  _ datdp . (21)

- dAdB(dAdB—l—l) T dadp+1

d) We first calculate

T
100 — g 1all3 = tr <<PA - ﬁIA) <pA - ﬁbx))

= trpi + ElgtrIA — %trpA (22)
42 1 2 _ 4.9 1
—tr/’A"‘ggdA_@—trpA_@-
And so, using part (c),
1 2\ _ 2 1 datd 1 1 1 11
(lpa—&LalB) = (to%) — & =it - L <L+ -& =% @

Thus, using the Cauchy-Schwarz inequality,
(Ilpa = £ 1all) < /2 - (24)

e) Let M = ps — ﬁIA. Since M is Hermitian, we can write it in the basis {|u)}
that diagonalizes it as M = ZZ=1 Aulpe)(pl. Then, [|[M|| = trv MM = ZZZI IAul-

On the other hand, ||M||s = \/tr(MTM) = \/22:1 |A\u|2. Now, using the Cauchy-

Schwarz inequality again,

d d
(Rl) < JCPP) =3 S Il < 43 X Pl = Ml < Valil - (29)
= pu=



And using the bound on <HMH2> from part (d),

(In1h) < V(M) < /52



