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5.1 Correcting a shift
(a) Consider for any |j):

[MX, MZ] |]> _ (anl Znr2 _ anzXnT1)|j>
= X" (w?)"72]j) = 2772 + nry (mod d))
— [wjnrz _ (ijrnm)nTz] |j + nry (mod d)>
— inr2 [1— (w™72)"] |j + nri(mod d)),

d

but d = nrire, so w1 = w* = exp(27i) = 1. This gives

[Mx,Mgllj) =0 Vj = [Mx,Mz]=0.

(b) We are given ZX = wXZ, which we can use to work out commutation
relations of powers of X and Z. Consider Z*X:

ZFX'=277... 2 XX.. X=w"X2ZZ..Z XX...X ="X'ZF
k l k -1

Using this, we have

MX (Xazb) — Xexnn Zb _ (Dbnrl (XaZb)Mx,
and  Mz(X*Z°%) = 272 X270 = w™"2(XZ°) M.

(c) We want the generators of the normalizer group S+ which consists of all
Pauli operators X*Z b that commute with My and M. From our answers
in part (b), we know that XeZb commutes with both My and My iff a
and b satisfy:

wi? =1 = exp (27”_(1717’2) = exp <27ri2) =1=a=kr, ke’

1

b b
(Dbnrl -1 = exp (_27_[_2. 77;;1) = exp (—27Ti—) =1=b= ZTQ, le”.
T9 -



Therefore, S+ = {X*"1 72 : k,1 € Z}, and the two generators are X =
X" and Z := Z". They satisfy

ZX =277X" =w" X" 7" =X 7

with @ := w™" = exp(27i/n). Notice that this is exactly the commuta-
tion relation eq. (3), with d —n, X — X, Z — Z and w — &, and since
the normalizer group acts as the logical operations on the codespace, we
suspect that there is one encoded qunit. Let us confirm this by explicitly
constructing the codespace.

Recall that the codespace is the +1 simultaneous eigenspace of the sta-
bilizer generators. Now, Mx|j) = |7 + nri(mod d)), i.e. Mx shifts j by
nry, so the +1 eigenstates of M x must be uniform superpositions of states
from the cosets

C; :={]j +mnri(mod d)) : m=0,1,...,rs — 1}

with j =0,1,...,nry — 1. So, the +1 eigenspace of Mx is spanned by the

orthonormal states {|wj)}?f}fl where
To— 1 Tzf
) = Z 15 + mnry) Z | + mnry)

Within this +1 eigenspace of Mx, we want the +1 eigenstates of M.
Now

7

ro—1

Mzly;) = Z (W)™ | mnry) = w7 [4y),

1
\/_
so |1;) is a +1 eigenstate of My if w2 = exp (27wij/r1) = 1, i.e. j =
kri,k €Z. Since j =0,1,...,nry — 1, there are exactly n values of j that
fulfill this condition, each of which gives an orthonormal state [¢;). This
confirms that the codespace is n-dimensional, i.e. one encoded qunit.

(d) The distance dx of the code for X errors is given by the minimum weight
of the X-type operators in S+\S, so dx = wt(X) = r1. Therefore, this
dx—1 ry—1

code can correct an amplitude shift (X errors) of up to |a| = “5—= = ™3

Similarly, dz = wt(Z) = 7y, so the largest phase shift (Z errors) this code

can correct is |b] = 441 = 21

5.2 Polynomial CSS codes

(a) To prove that Cy is a vector space, you can prove all the vector space
axioms directly on C;. Alternatively, you can note that there is an equiv-
alence between vectors of C; and the vectors of the m + 1 coefficients of



polynomials of degree m. More formally, given {xg,x1,...,2,—1}, there
is an isomorphism between C; and a more familiar set I}-';”Jr1 defined as

[F;q“"1 ={d = (ao,a1,...,am) :a; €Fp}

with addition mod p, and scalar multiplication over the field F,. [Fg”l

is closed under addition mod p, has identity 0 and has inverses (@)=t =

(agt,art,... a;!) since [, is a field (and thus a; ' exists). Other vector

s Ym

space axioms are also clearly satisfied, so [F;)"‘“1 is a vector space over [,.

The isomorphism ¢ : F' ™! — C) acts as

90(6_’:) = (f&(xn—l)v fﬁ(xn—2)7 SRR f&’(mo))

where fz(z) is the polynomial ag + a1x + ... + apa™. ¢ clearly respects
vector addition and scalar multiplication. Since C'; is isomorphic to a
vector space Fg”‘l, it is also a vector space.

A nonzero polynomial f of degree m has at most m zeros over [, i.e. for
any f(x) defining a vector in Cy, there exist at most m distinct x;’s for
which f(x;) = 0. Therefore, since xg,x1,...,2,—1 are all distinct, each
vector (length = n) (f(zn-1),-..,f(x0)) # 0 in C; has at most m zero
entries and thus have weight at least n — m. This implies d; > n — m.

Cy is isomorphic to F}' in the similar way as discussed in part (a). F}"
is a vector space, by the argument in (a) (with m — m — 1), so C is a
vector space. It is clearly a subspace of Cy since it consists of those (and
only those) vectors in Cy with f such that the mth degree coefficient is
ZETO.

We want a degree m — 1 polynomial f such that f(z;) = y;Vi, i.e. we
want to fit an (m — 1)-degree polynomial through m distinct points. This
is just Lagrange interpolation - through any 2 points, there is a unique
line, through any 3 points, there is a unique quadratic, .. ., through any m
points, there is a unique degree m — 1 polynomial. f can be constructed
explicitly as

(z—z1)(z—23)...(2 — zm)

(z—2z2)(z—23)... (2 — zm)
(21 —22)(z1 — 23) ... (21 — zm)yl + (22— 21)(22 — 23) .. . (22 — zm,
(z—z1)(z—22)...(2 — Zm—1)
(zm — 21)(zm — 22) - - . (Zm — Zm—1)

J#

f(z) =

+ ...+

m

Notice that only the ith term in the sum is nonzero (equals 1) for f(z;),
and so f(z;) = y;Vi as desired. Furthermore, the denominators are well-
defined since the z;’s are all distinct, and f is of degree m — 1 since each
term in the sum consists of a product of exactly m — 1 factors of (z — z;)
in the numerator.
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The dual code of Cy is defined as
Cy = {it = (up—1,...,u1,up) :u; €Fp, @ - T=0 Vi€ Cy}.

Pick m different indices from 0 to n — 1 and write this set as 7 :=
{ia} 1, i1 < iz < ... < ip. Consider, V& € Cy, the projection 7 =
(f(@n-1),-- s f(@0)) = Tl = (f (@i )s- s f(@i), - oo, flwi,)) € F. Let
Zo = ;Yo = 1,...,m. Recall that all the x;’s are distinct. Now, pick
any vector ¥ = (Ym,Ym—1,---,y1) in F'. From part (d), we know that
there exists a polynomial of degree m — 1, call it f, such that

fy(zoz):ya; Va=1,2,...,m,

so ¥ is exactly the projection of the vector (fy(@n—1),..., fy(i.),.- .,
fy(iy), .+, fy(z0)) € C2 into F}'. Since § was an arbitrary vector in [},
the projection of Cs according to 7 into F}" is the whole space F}'. This
is true for any choice of the projection indices Z.

Now, suppose a nonzero vector @ € C5- has at most m nonzero compo-
nents. Then, 4 can be thought of as a vector @’ € F,', by discarding n—m
zero components. Let us choose Z such that it contains the indices of all
the nonzero components of . From our argument above, there exists a
nonzero ¥ € Cs such that U}I = 4, and so U}I -4’ = U4 # 0. Hence,
there cannot be such a vector # in CQL, i.e. every nonzero vector in CQL
must have at least m 4+ 1 nonzero components, which implies do > m + 1.

Recall the definition of a coset: u, v € C7 belong to the same coset of Cy iff
uU—U € Cy. Cy consists of vectors constructed from degree m polynomials,
so i,V € C7 can differ by a vector in Cq, which is constructed from degree
m — 1 polynomials, iff @ and ¥ have the same coefficient for . Since the
coefficients are chosen from [F,, there are exactly p distinct possibilities
for the coefficient of ™, and hence there are exactly p distinct cosets.

Alternatively, you could have recalled Lagrange’s theorem: the number of
distinct cosets of Cy in Cy is |C1|/|Co| = [F | /|F7 = p™* /p™ = p.

Therefore, the number of encoded qupits is logp(dim. of code space) =
log,, (number of distinct cosets) = log, p = 1.

We want to correct ¢ = (d — 1)/2 errors, and for a CSS code, d =
min(dy,dz), so we require d; > 2t + 1 and do > 2t + 1. From parts
(b) and (e), we know d; > n —m and da > m + 1, hence it suffices to
impose

di>n—-m2>2t+1 = n>m+2t+1,
do>m+1>2t+1 = m>2t.
Suppose we take m = 2t, then n > 4¢t+1, so we can also take n = 4t+1 as

required by the question. Since n < p, such a code can only be constructed
for p > 4t + 1 and p prime.



5.3 Decoherence-free subspaces and noiseless subsystems

(b)

We want to find three two-qubit Hermitian operators X,Y, Z satisfying
X2=Y?=2?=I®l=1 XY =—-XY =iZ, and also commute with
X ® X, the only non-trivial operator in £.

Suppose we take X = X ® I. This is clearly Hermitian, squares to I and
commutes with X ® X. We want another operator that anticommutes with
X but commutes with X ® X. One possibility is Z® Z. It clearly squares
to I and satisfies the required commutation relations. Let Z = Z ® Z.

The third operator (Y) must be chosen so that XY =iZ, ie. Zi)_( = z}:/
since Z2 = I and we need Y2 = I. Multiplying our chosen Z and X
together, we get

IX=(ZoZ)(XeI)=(ZX)®Z=iY ® Z).

Notice that the operator Y ® Z on the RHS is Hermitian and squares to I.
Furthermore, it anticommutes with X and Z, but commutes with X ® X.

Therefore, it can be taken as Y.

Altogether then, we have X = X ®I,Y =Y ® Z and Z = Z® Z, and
these are the logical Pauli operators of the one-qubit NS for £.

Note that £ is invariant under permutation of qubits, i.e. the noise does
not differentiate amongst the qubits. This tells us that the logical opera-
tions X, Y and Z, written as three-qubit operators, must also be permu-
tation invariant. This immediately suggests three candidates: X @ X ® X,
YRY®Y and Z® Z ® Z. Clearly, these three operators are Hermitian
and square to the identity. They also anticommute with one another, and
commute with all the operators in £. Furthermore,

YRYeY)(XeXeX)=YX)e(YX)e (YX)=i(Z)Z Z),

sowecantake X =Y @Y Y,V =X0X X, andZ =20 2% Z.

5.4 Good CSS codes

(a)

The derivation of the Gilbert-Varshamov (GV) bound for CSS codes fol-
lows closely the argument discussed in class for the general GV bound,
except that we want to include the specific property that CSS codes cor-
rect X and Z errors separately. This requires us to deal with X and Z
operators separately.

Let n be the block size of the code, and take nx to be the number of X-
type stabilizer generators, and nz to be the number of Z-type generators,
with nx 4+ nz < n for a nontrivial code space. We will see how to choose
nx and nz later. For fixed nx and nz, imagine a list (call it .¥) of all



stabilizers S with nxy X-type generators and ny Z-type generators!. Let
Sx C S be the set of operators generated by the X-type generators only,
and Sz C S be the set generated by the Z-type generators only. For each
stabilizer S € ., list all its dangerous errors, i.e. Pauli operators that are
in S+\S. Note that a general Pauli operator P can be written (up to an
overall phase) as Px Pz where Px is X-type and Pz is Z-type, and since
a CSS code corrects X and Z errors separately, P is dangerous for S iff
either Py is dangerous for S or Py is dangerous for S (or both).

Now, an X-type error (call it Ex) is dangerous iff Ex ¢ Sx and Ex
commutes with Sz. Similarly, a Z-type error (Ey) is dangerous for S € .
iff £z ¢ Sz and Ez commutes with Sx. Therefore, for each S € .7,

number of dangerous | _ number of X operators S|
X-type errors s that commute with Sz X

= 9Nz _gnx

The numbers in the last row are worked out as follows: the number of
X operators is given by 2" (each of the n positions in the code block can
either be X or I), but this is subjected to nz independent constraints from
commutation with Sz, thus giving 2"~"% as the number of X operators
that commute with Sz. |Sx| = 2"X because every operator in Sy is
given by M M M;:);, with {Mx,} as the nx X-type generators
of Sx, and a; € {0,1}. Note that the number of dangerous X-type errors
is independent of the particular choice of S. Similarly, the number of
dangerous Z errors is given by

number of dangerous _on—nx _ onz
Z-type errors s ’

Now, using the Clifford group symmetry from class, restricted to X-type

operators only, each nontrivial (i.e. # I) X-type operator Ex is dangerous

for the same number (say Nx) of stabilizers S € .. Using the following

identity, also from class, but adapted for X-type operators only:

no. of dangerous X-type no. of nontrivial
errors for each S € .% o X-type errors

( no. of times each X-type )
X .
error appears in ./
= |.7] (277 "% —2"X) = (2" — 1)Nx
Nx  2n7nz —9nx

= _— =
7 1

1Note that this is not the same as listing all stabilizers with nx + ny generators. The
generators must be either X-type or Z-type for it to be a CSS code.



A similar argument for the Z-type errors gives

Nz  2n7nx —nz
|7 2n—1
where Nz is the number of S € . each Z-type error is dangerous for.
Suppose we want to correct X-type errors from the set £X and Z-type
errors from the set £4. We define the sets
EXQ?) = (EIE, : E,, By € £X},

and £%2) .= {ElEb :E., Ep € EZ}.
For each nontrivial operator F in £X®2) and £7(3), delete from .7 all
stabilizers for which F is dangerous. After going through the two sets, we

would have deleted at most (|EX®)| —1)Nx + (|€4(?| — 1) N stabilizers.
There will be some codes left in the list if

71> (IEX®] = )Nx + (|€7®)] — 1)Ng,

. Nx Ny
ie. 1> (|EXO| 1= + (|€7P)]| —1)—=
- -7
gn—nz _ 9gnx gn—nx _ 9nz
= (IE*P| - 1) = —— + (1€7P] - 1)

2n — 2n —1
We finally get

(X @] = 1)(@nn7 — 9m%) 4 (|€2@)] — 1)(2nmx — %) <97 1
as the GV bound for CSS codes.

Suppose we want a CSS code that corrects t x X-type errors and ty Z-type
errors. Then, the error sets are

EX = {X-type error X s wt(eX) <tx} = EXP = {EX . wt(EY) < 2tx},
EZ = {Z-type error eZ : wt(e?) <ty} = £72 = (E? . wt(E?) < 2t4}.

Therefore,

2t x L.
exe=1=3 (7) F (o) s
X

j=1 J
o 2tz n\ nooo n Stirling nHs(2tz/n)
) 1 =35 (M) e (1) P e,
= j 2ty

where Hy(z) = —zlog, z—(1—x)log, (1 —x) is the binary entropy function,
which is bounded between 0 and 1.

Putting the above into the GV bound from part (a), we get (n — 00)
277,H2(2tx/’rl) (2n—nz _ 271)() + 277,H2(2tz/’rl) (2n—nx _ 2nz) < 2n



Dividing both sides of the inequality by 2", and noting that 2"x /2" — 0
and 2" /2™ — ( for n — oo, since nx,nz < n, we have

2nH2(2tx/n)7nZ + 2nH2(2tz/n)an 5 1.

Suppose we take, for some € > 0,
2t 2t
nx = (1+e)nHs (—Z) , nz = (1+ e)nHs (—X) ,
n n

where we assume 2ty /n,2tz/n small enough so that Ha(.) < 1/2, and ¢
should be taken small enough so that nx +nz < n. In fact, we can take
€ — 0 as n — oco. Then,

2—neH2(2tx/n) + 2—n6H2(2tz/n) <1.
This is clearly satisfied for n large enough. Therefore,

k=n—(nx +nz)

- S X Tz om0 1H2<—Z>H2<—X>.
n n n



