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Problem 1

(a) We can recall the action of the Hadamard (H = H™!) and the phase gates (P) on the Pauli
operators from an earlier Hw problem (HW4, Problem 3a), where we had shown

HXH' = Z HYH ' = Y, HZH ' = X (1)
PXP! = Y,PYP ! = X, PZP ! = Z (2)
From the definition of the normalizer group, this immediately shows that H, P € C;. To show
A(X) € Cy, it suffices to see how the CNOT gate acts by conjugation on the generators of Pa:
{XIL,IX,ZI,1Z}. Using A(X) = |0) (0] ® I+ 1) (1] ® X and noting that (A(X))~! = A(X), we
have,
AX)XDAX) = XX € Py, AX)IX)AX) =IX € P
AX)ZDAX) = ZI € Py, AX)IZ)A(X) = ZZ € P, (3)

Since all the generators of Py are mapped to elements of the group itself under the action of
A(X), we see that A(X) € Ca.

(b) We know that under the action of H,

X—-Z,Z—-X,Y—-Y
= XYZ - -ZYX = - YXZ=XYZ (4)

Similarly under the action of the phase gate P,

X—-Y,Y—->—-X,Z—-17Z
= XYZ —- -YXZ = XYZ (5)
Thus, H and P are permutations of X,Y,Z that preserve the inner product XYZ = ¢I. Fur-

thermore, since H is a permutation of (X,Z), and P permutes (X,Y), using these we can
generate all other inner product preserving permutations. Since all elements of C; are inner



product preserving permutations of X,Y and Z, H and P generate C;.

(c) Using eqns.(1) and (2), it follows that A(Z) = HoA(X)Hy (where Hy denotes a Hadamard
gate acting on the target qubit), and A(Y) = PoA(X)Ps.

Now, consider A(0)ZiA(c). When the control qubit is |0), the target is left unchanged by
both the A(o) gates. When the control qubit is |1), A(o)Z1A(0) |1)|.) = A(0)Zyo2|1)]|.) =
—(02)? 1) |.) = Z1|1) |.), since 02 = I. Similarly, we can analyze the action of A(o)X;A(c) as
follows:
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A(o) [1)|) = X102(0) |.)
A(@)Xy02[1)|.) = Al0)o2 |0} [.) = X0 [1) |.) (6)
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Thus we have shown that
ANo)Z1A(o) =Z; A(0)X1A(0) = Xy09 (7)
(d) First, note that UX; U~! anticommutes with UZ,; U~" -
(UX, U YUz, U ") =UX,Z2,U ' = -UZ,; X, U ! = (UZ, U H)(UX, U Y (8

implying that UX;U~! and UZ;U~! must differ in their action on atleast one of the n + 1
qubits. Suppose they differ in their action on the first qubit, we can write

UIXlﬂMlM 5 ZlﬂNlN (9)

where M; # N; € P;. In this case, we can simply choose W to be an element of C; that acts
such that W : M; — X7, Ny — Z;.

On the other hand, suppose M; = N;. Since UX;U~! and UZ,U~! anti-commute, they have
to act differently on atleast one qubit. Suppose they act differently on the kth qubit, ie. M and
N are such that My # Ng. Now we choose W as follows: we choose an operator in C; to act on
the kth position such that Wy : M — X; , N — Zj. Then, we perform a CNOT with the
kth qubit as the control and the first qubit as the target so that the first qubit is left unchanged
when the operator in the kth position is Z, or gets transformed by an X operator when the kth
position is X. Now that we can distinguish between the two cases, we can transform the first
qubit with an appropriate operator in C; so that M; — Xy and Ny — Z;.

(e) Analyzing the action of V on X;, we have,

VX, = AMHEANHWU:X,
< AMHEANH, : X;M (sinceWU : X; — X; M)
< AM)HAN) : Z,M
— AM)H; :Z;M (using Eqn.(8) of HW 7)
< AM): XM
o X M2 =X, (10)



Similarly, we can show V : Z; — Z;.

(f) As we just proved, V preserves the action of an operator on the first qubit, but transforms
the rest, ie. V maps a tensor product of Pauli operators on n qubits to another tensor product
of Paulis on n qubits. Thus, V € C,. By assumption, it can therefore be constructed from H,
P and A(X).

Since V.= AM)H;A(IN)H; WU, and A(M), A(N) and W can all be constructed from H, P
and A(X), it follows that U can also be constructed from H, P and A(X).

Problem 2

(a) Given the stabilizer generators Mx = X"t and My = Z"™"2 (where n,r; and ro are positive
integers), for any |j), we have,
[(Mx, Mgz]|j) = (X"2Z""2 —2Z"2X"")|j)
= XM (@) ) — 27 |j + s (modd))
— w7 — (@) | (modd))
= w21 — (w"")"] |5 + nri(modd))
= w21 — (wh)"]|j + nr1(modd)) (sinced = nriry)

= 0Vj=01,..,d—1 (11)

since w? = €2™ = 1. Thus, [Mx, Mz]|j) = 0 for all values of j, verifying that [Mx, Mz] = 0.

(b) Using ZX = wXZ, we can work out commutation relations between powers of X and Z -
ZFX' = wZF X Z X = wh X ZE X = okt X 2P (12)
for any pair of positive integers k and [. Therefore,
Mx(X“Z%) = X°X"17" =" (X°Z")Mx
My (X°Z%) = Z"X°Z° = w2 (X*Z°) My (13)

(c) We want the generators of normalizer group S+, which consists of all Pauli operators X*Z°
that commute with Mx and Mz. From our answers in part(b), we know that X¢Z% commutes
with both Mx and My iff a and b satisfy:

w = 1= exp (27ri anT2) = exp (27Tia> =1

d 1
=a = kr, k e€Z
(14)
and
@’ = 1= exp <—27ribnr1) = exp (—Qﬂ'ib) =1

d T2

=b = Im, l €7 (15)



Therefore, S+ = {X*"1Z!"2 . k1 € Z}, and the two generators are X :=X" and Z := 2.
They satisfy
ZX = 7" X" =X 7" = X 7 (16)

with @ := w™" = exp(27i/n). Note that this is the same as the commutation relation between
the generalized Paulis X and Z, (eqn. (12) of HW 7) with d — n, X — X, Z — Z and w — 1.
Since the operators in the normalizer group act as the logical operations on the codespace, the
commutation relation leads us to suspect that there must be one encoded qunit. We verify this
by explicitly constructing the code subspace.

Recall that the codespace is the simultaneous +1 eigenspace of the stabilizer generators. Since
the action of Mx on a computational basis state |j) is to shift it by nry, the +1 eigenstates of
Mx must be uniform superpositions of the states from the cosets

C; ={|j+mnri (modd)) , m=0,1,..ry—1}Vj=0,1,...,nr —1 (17)

Thus the +1 eigenspace of Mx is spanned by the orthonormal states

ro—1 ro—1
;) = Z |j +mnry) Z |j +mnry) (18)
] m=0

Within this eigenspace, to find the +1 eigenstates of Mz, we look at how Mz acts on [¢;) :

’I“21

My i) = \} D (o ) = w7 ) (19)

Thus |¢;) is a +1 eigenstate of My iff wi™2 =1, ie. j = kr1, where k takes on integer values.
Since j = 0,1,...nr; — 1 there are exactly n values of j that satisfy this condition. Thus, the
common +1 eigenspace of Mx and My is spanned by n vectors |¢;), showing that the codespace
is indeed n-dimensional. In other words, this code has one encoded qunit.

(d) The distance dx of the code for X errors is given by the minimum weight of the X-type
operators in S\ S. Therefore, dx = wt(X) = ;. This code can therefore correct an amplitude

shift (X errors) of up to |a| = % = oL Similarly, dy = wt(Z) = 79, so that the largest
phase shift (Z error) this code can correct is [b] = 421 = 221

Problem 3

(a) Rather than prove that C satisfies all the axioms of a vector space, we instead show that
there is an equivalence between vectors in C; and the vectors of coefficients of a polynomial of

degree m. More formally, given {xg,x1, ..., 51}, there is an isomorphism between C; and the
set Fr't! defined as

Ftt = {@ = (ao,a1,...,am) , a; € Fp} (20)

We can define two operations on this set: addition mod p, and scalar multiplication over the
field IF,. Note that Fg“‘l is closed under addition mod p, has an identity element 6, and every



element has an inverse: (@)~' = (ag',a;',...;a;!), since F, is a field. Other vector space

axioms are also clearly satisfied, so IF;”“ is a vector space over [Fp,.
Now consider the following isomorphism ¢ : IFg”rl — Cy

¢(@) = (fa(rn-1), fa(rn—2), .., fa(x0)) (21)

where fz denotes the polynomial ag+aiz+ ... +a,x™. ¢ is clearly closed under vector addition
and scalar multiplication. Corresponding to every vector in F;”H, there exists a vector in C}
and vice-versa. Since C is isomorphic to a vector space IF;"‘H, it is also a vector space.

(b) A nonzero polynomial of degree m has at most m zeros over F,, ie. for any f(z) defin-
ing a vector in Cj there exist at most m distinct x;’s for which f(x;) = 0. Therefore, since
Zo,T1, ..., Tn—1 are all distinct, each vector (f(zn—1),..., f(z0)) # 0 in Cy has at most m zero
entries, and thus has weight at least n — m. This implies d; > n — m.

(c) Oy is isomorphic to F)' in a similar way as discussed in part(a). F}" is a vector space, using
the arguments in (a) (with m — m — 1), so C is also a vector space. It is clearly a subspace
of C1 since it consists of those (and only those) vectors in C; with f such that the mth degree

coefficient is zero.

(d) We want a degree m—1 polynomial f such that f(z;) = y; V 4, i.e. we want to fit an (m—1)-
degree polynomial through m distinct points. This is just Lagrange interpolation - through any
2 points, there is a unique line, through any 3 points, there is a unique quadratic,..., through
any m points, there is a unique polynomial of degree m — 1. f can be constructed explicitly as

(2= z)(z— 23). (2 — 2m) (z—21)(z — 23)...(z — zm)
1) = (21 — 22)(21 — 23)...(21 — zm)y1 + (22 — 21)(22 — 23)...(22 — 2m)
(z—=21)(z — 22)..(2 — Zm—1)
(zm — 21)(2m — 22) - (Zm — Zm—1

+...+ UYUm,
)

(22)
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Notice that only the ith term in the sum is nonzero (equals 1) for f(z;), and so f(z;) =y; Vi
as desired. Furthermore, the denominators are well defined since the z;’s are all distinct, and
f is of degree m — 1 since each term in the sum consists of a product of exactly m — 1 factors
of (z — z;) in the numerator.

(e) The dual code of Cy is defined as
Cy = {ii == (Up_1,..,u1,u0) , uj €Fp, GT=0V7 € Cy} (23)

Pick m different indices from 0 to n — 1 and write this set as Z := {iq }0" 1,41 < i2 < ... < im.
Consider, V ¥ € Cq, the projection ¢ = (f(zp—1), ..., f(x0)) — |z := (f(mi,,), s [(Ti,), s [(T3,)) €
Fp'. Let zo := x;, Voo = 1,...,m. Recall that all the x;’s are distinct. Now, pick any vector



¥ = (Ym>Ym—1,---,y1) in F'. From part (d), we know that there exists a polynomial of degree
m — 1, (call it f,) such that

fy(Za) = Yo, Ya=1,2,....m (24)

so ¥ is exactly the projection of the vector (fy(@n—1),..., fy(zi,. ), fy(zi)), .., fy(20)) € Ca
into F}'. Since § was an arbitrary vector in F}*, the projection of C according to 7 into F' is
the whole space F}'. This is true for any choice of the projection indices Z.

Now, suppose a nonzero vector @ € C3- has at most m nonzero components. Then, @ can be
thought of as a vector @ € F7*, by discarding n — m zero components. Let us choose Z such
that it contains the indices of all the nonzero components of 4. From our argument above,
there exists a nonzero ¢ € Cy such that ¢]7 = @', and so 0|z.@’ = 0.4 # 0. Hence, there cannot
be such a vector % in C3- , i.e. every nonzero vector in C35- must have at least m + 1 nonzero
components, which implies do > m + 1.

(f) Recall the definition of a coset: @, 7 € C; belong to the same coset of Cy iff @ — ¥ € Ch.
C; consists of vectors constructed from degree m polynomials, so w,v € Cj can differ by
a vector in C9, which is constructed from degree m — 1 polynomials, iff @ and ¢ have the
same coefficient for z,,. Since the coeflicients are chosen from F,, there are exactly p distinct
possibilities for the coefficient of x,,, and hence there are exactly p distinct cosets. Alterna-
tively, you could have recalled Lagrange’s theorem: the number of distinct cosets of Cy in
Ch is [C1]/]Cy| = [Fptt]/|F| = p™*t!/p™ = p. Therefore, the number of encoded qupits is
log,,(dim. of code space) = log,(number of distinct cosets) = log, p = 1.

(g) We want to correct t = (d—1)/2 errors , and for a CSS code, d = min(dy, dz2), so we require
dy > 2t + 1 and dy > 2t + 1. From parts (b) and (e), we know d; > n —m and dy > m + 1,
hence it suffices to impose

dl > n—m>2t+1 = n>m+2t+1
dy > m+12>2t+1= m2>2 (25)

Suppose we take m = 2t, then n > 4t + 1, so we can also take n = 4t + 1 as required by the
question. Since n < p, such a code can only be constructed for p > 4¢ + 1 and p prime.

Problem4

(a) The derivation of the Gilbert-Varshamov (GV) bound for CSS codes follows closely the
argument discussed in class for the general GV bound, except that we want to include the
specific property that CSS codes correct X and Z errors separately. This requires us to deal
with X and Z operators separately.



Let n be the block size of the code, and take nx to be the number of X-type stabilizer gener-
ators, and nyz to be the number of Z-type generators, with nx + nz < n for a nontrivial code
space. For fixed ny and ngz, let . be the list of all stabilizers S with ny X-type generators
and nz Z-type generators'. Let Sx C S be the set of operators generated by the X-type gener-
ators only, and Sz C S be the set generated by the Z-type generators only. For each stabilizer
S € 7, we first estimate the number of dangerous errors (errors that are not correctable by
the code), i.e. Pauli operators that are in S+\S.

Now, an X-type error (call it Fx) is dangerous iff Ex 3 Sy and Ex commutes with Sz. The
number of X-type operators that commute with Sz is? 2"~"2 and the number of operators in
the set Sx is 2"X (since the set is generated by nx X-type generators), so that the number of
nontrivial X-type errors corresponding to a given S € . is 2" "2 — 2"X_ Similarly, a Z-type
error (Ez) is dangerous for S € . iff Ez 5 Sz and E; commutes with Sx. Again, the number
of such Z- type errors is 2"~ "X — 2"Z_ Note that the number of dangerous errors of the X and
Z type are independent of the particular choice of S.

It follows from the Clifford group symmetry that each nontrivial (ie. # I') X-type operator Ex
is dangerous for the same number (say Nx) of stabilizers S € .. Then, equating the total
number of dangerous X-type errors for all S € ./, to the total number of nontrivial X-type
operators that are dangerous for the elements of .%, we have the following identity -

1] No. of dangerous X type _ No. of nontrivial
errors for each S € .%¥ o X-errors

No. of § € . that
each error is dangerous for

= |27 —2"x) = (2" —1)Nx
Nx an—nz . nx
= - 2 2 26
|| 2n —1 (26)
A similar argument for the Z-type errors gives the following identity
N, anmnx _ nz
= (27)

7 2 -1
where Nz is the number of S € .% that each nontrivial Z-type operator is dangerous for.

Let £X denote the set of X errors we want to correct and £Z denote the set of Z errors we seek
to correct. Then, we can define the sets

EX? .= (ElE, : E,, By € £X}
52(2) = {EJ;Eb . Ea,Eb € 5Z} (28)

INote that this is not the same as listing all stabilizers with nx + nz generators. The generators must be
either X-type or Z-type for it to be a CSS code.

2The total number of X-type operators is 2™ since each of the n positions in the block can be either X or
I. These are subject to nyz independent commutation constraints with the generators of Sz, so this number
reduces to 2" "Z.



For each nontrivial operator E in £X®2) and £4(?) | if we delete from .7 all the stabilizers for
which F is dangerous, we would have deleted at most (|EX®)| — 1)Nx + (|E2®)| - 1)Ny
stabilizers. Therefore, in order for good codes to exist, the number of stabilizers in . must be

at least
7] > (X = 1)Nx + (|€7P| = 1)Ny
=1 > qs“”|nﬁ2+(wz®ni%
(ex@) - E T2 ey T2 (29)
which gives the desired GV bound for CSS codes:
([eX¥@] —1)(2"7 "7 —2nx) + (|€2P)] — 1) (2" "X —2n7) < 2" — 1 (30)

(b) Suppose we want a CSS code that corrects tx X-type errors and ¢z Z-type errors. Then,
the error sets are

EX = {X-type errors of wt. <tx} = EX? = {Ex :wt(Ex) < 2tx}
%2 = {Z-type errors of wt. <t} = EZP® = {E,:wt(Ez) < 2tz} (31)

Therefore,

2tx
o _ n ~ n ~ onHz(2tx /n)
|ﬁ®|1__§m,>~< >~22
= 7 2t x

2tz
0t = 3 () = (o, ) e (32)

where we first simplify to the large n limit and then use Stirling’s approximation. Hy =
—zlogy x — (1 — x) logy(1 — z) is the binary entropy function.

Using Eqn.(32) in the GV bound derived in part(a), we get (in the limit as n — oo),

2nH2(2tX/n) (annz o 2nx) + 2nH2(2tz/n) (2n7nx - 2nz) < 9n
= 271H2(2tx/n)—nz + 27LH2(2tz/’rL)—nx < 1 (33)
since 2" /2" — 0 and 2"% /2" — 0 as n — oo (since nx,nz < n).
Suppose , for some € > 0, we choose nx and nyz as follows
2t 2t
nxy = (1 + 6)71H2 <X> nyg = (1 + 6)71H2 <Z> (34)
n n

where we assume 2tx /n, 2tz /n small enough so that Hy(.) < 1/2, and € is chosen small enough
so that nx +nz < n. In fact, we can take ¢ — 0 as n — oo. Then,

2neH2(2tX/n) + 2n5H2(2tz/n) <1 (35)



This is clearly satisfied for large enough values of n. Therefore,

k= n—(nx+nz)
k - 1 nx A
n n n

which implies, in the limit as e — 0 and n — oo

o (22) - (%)
n n n

(36)



