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Problem 1

(a) Clearly for x = 1, lnx = x − 1 = 0. Since the function f(x) = lnx is strictly concave,

lnx ≤ x − 1 for x 6= 1, if x − 1 is a tangent at x = 1. It is easy to see that this is indeed the

case, since their slopes match at x = 1: d(lnx)
dx |x=1 = 1

x |x=1 = 1 and d(x−1)
dx = 1.

(b) Using the above inequality, we have,

ln

(
p(x)

q(x)

)
≥ 1− q(x)

p(x)

⇒ H(p ‖ q) =
∑
x

p(x) log

(
p(x)

q(x)

)
≥

∑
x

p(x)

(
1− q(x)

p(x)

)
= 0 (1)

Equality holds iff q(x)
p(x) = 1 for all x, ie. iff the distributions {p(x)} and {q(x)} are identical.

(Note that in the second step, we have omitted a factor of ln2 in going from the natural loga-

rithm to the log function.)

(c) Expanding ρ and σ in their eigenbasis, as ρ =
∑
i pi |i〉 〈i| and σ =

∑
a qa |a〉 〈a|, we have,

H(ρ ‖ σ) = trρ(log ρ− log σ)

=
∑
i

pi log pi −
∑
i,a

pi log qa〈i|a〉〈a|i〉

=
∑
i

pi

(
log pi −

∑
a

Dia log qa

)
(2)

where we have defined the matrix with elements Dia = |〈i|a〉|2. It is easy to see that D is a

doubly stochastic matrix:
∑
aDia =

∑
a〈i|a〉〈a|i〉 = 〈i|i〉 = 1 = 〈a|a〉 =

∑
iDia.
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(d) Since the log function is strictly concave, and the set
∑
aDia = 1 for each i (implying

Dia ≤ 1 ∀ i, a), Jensen’s inequality directly gives

log

(∑
a

Diaqa

)
≥
∑
a

Dia log qa. (3)

When all q’s are different, then equality holds iff Dia = 1 for some a. If all q’s are the same,

the equality trivially holds and we can’t infer anything about Dij .

(e) Putting Eqns.(2) and (3) together, we have,

H(ρ ‖ σ) =
∑
i

pi

(
log pi −

∑
a

Dia log qa

)

≥
∑
i

pi

(
log pi − log

∑
a

Diaqa

)
=

∑
i

pi (log pi − log ri)

= H(p ‖ r) (4)

with ri =
∑
aDiaqa, and equality iff Dia = 1 for some a, for each i.

(f) Now that we have expressed the quantum relative entropy as a classical relative entropy

between two classical distributions p = {pi} and r = {ri}, we can use the result of part(b), so

that

H(ρ ‖ σ) ≥ H(p ‖ r) ≥ 0 (5)

The second inequality saturates iff pi = ri =
∑
aDiaqa, and the first inequality saturates iff

Dia = 1 for some a, for each i. Thus D has to be a permutation matrix, which implies that the

set {pi} and {qa} are the same upto a permutation. Thus, equality holds iff ρ = σ.

Problem 2

(a) Consider the relative entropy of ρAB and the product state ρA ⊗ ρB . Using the positivity

of relative entropy, we have,

H(ρAB ‖ ρA ⊗ ρB) ≥ 0

⇒ Tr[ρAB log ρAB ]− Tr[ρAB log(ρA ⊗ ρB)] ≥ 0 (6)

Using log(MN) = logM + logN , we can simplify the second term as follows

log(ρA ⊗ ρB) = log(IA ⊗ ρB) + log(ρA ⊗ IB)

= IA ⊗ log ρB + (log ρA)⊗ IB (7)
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where the last step can be justified as follows: Suppose ρ =
∑
a λa |a〉 〈a|, then ρ ⊗ I =∑

a,b λa |a, b〉 〈a, b|, so that log(ρ⊗ I) =
∑
a log(λa) |a, b〉 〈a, b| = (log ρ)⊗ I.

Thus we have,

Tr[ρAB log(ρA ⊗ ρB)] = Tr(ρAB [IA ⊗ log ρB + (log ρA)⊗ IB ])

= Tr(ρA log ρA) + Tr(ρB log ρB)

= −H(ρA)−H(ρB) (8)

Putting this back in Eqn.(6) and noting that the first term is simply Tr[ρAB log ρAB ] =

−H(ρAB), we get

H(ρAB) ≤ H(ρA) +H(ρB) (9)

where equality holds iff ρAB = ρA ⊗ ρB .

(b) Suppose we construct the bipartite state ρAB =
∑
x px(ρx)A⊗ (|x〉 〈x|)B , which is obtained

for example, by choosing one of a set of density operators ρx based on the outcome of a

measurement in the orthogonal basis {|x〉B}, where outcome x occurs with probability px.

Then, we have,

H(ρAB) = −Tr
∑
x

px(ρx)A ⊗ (|x〉 〈x|)B

=
∑
x

pxH(ρx)− Tr(
∑
x

ρxpx log ρx)

=
∑
x

pxH(ρx) +H(X) (10)

where the second term is the Shannon entropy of the random variable X distributed according

to the distribution {p(x)}.
The reduced density operators of the state ρAB are given by

ρA =
∑
x

pxρx , ρB =
∑
x

px |x〉 〈x| (11)

so that

H(ρA) = H(
∑
x

pxρx) , H(ρB) = H(X) (12)

Now, using subadditivity along with Eqns.(10) and (12), we get,

H(ρAB) ≤ H(ρA) +H(ρB)

⇒
∑
x

pxH(ρx) +H(X) ≤ H(
∑
x

pxρx) +H(X)

⇒
∑
x

pxH(ρx) ≤ H(
∑
x

pxρx) (13)

thus proving concavity of the Von Neumann entropy.
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(c) From subadditivity, it follows that the equality

∑
x

pxH(ρx) = H

(∑
x

pxρx

)
(14)

holds iff ρAB = ρA ⊗ ρB , ie. iff∑
x

pxρx ⊗ (|x〉 〈x|) =
∑
y

pyρy ⊗
∑
x

px |x〉 〈x|

=
∑
x

px

(∑
y

pyρy

)
⊗ |x〉 〈x| (15)

For the cross terms on the RHS to vanish, given that py 6= 0 ∀ y, we require that for each x,

ρx =
∑
y pyρy.

(d) Given a bipartite state ρAB , we can construct a ”purification” (|Φ〉ABC) by introducing a

third system C, such that trC |Φ〉 〈Φ| = ρAB . Since |Φ〉 is pure, we know that H(ρA) = H(ρBC)

and H(ρAB) = H(ρC). Then, subadditivity gives

H(ρA) = H(ρBC) ≤ H(ρB) +H(ρC)

= H(ρB) +H(ρAB)

⇒ H(ρAB) ≥ H(ρA)−H(ρB) (16)

Similarly, using the subadditivity relation for systems A and C, we get,

H(ρAC) ≤ H(ρA) +H(ρC)

⇒ H(ρB) ≤ H(ρA) +H(ρAB)

⇒ H(ρAB) ≥ H(ρB)−H(ρA) (17)

Putting together Eqns.(16) and (17), we get the triangle inequality: H(ρAB) ≥ |H(ρA)−H(ρB)|.

Problem 3

Following the hints provided in the problem, we can write

√
rj |ej〉 =

∑
b

Vjb |φb〉
√
pb |ψb〉 =

∑
b,ν

Vjb |φb〉Ub,ν
√
sν |fb〉 . (18)

We obtain

rj = 〈ej |
√
rj
√
rj |ej〉 =

∑
a,b,µ,ν

V ∗jaVjb 〈φa| |φb〉U∗aµUbν
√
sµsν 〈fµ| |fν〉 = (19)

=
∑
µ

∑
a,b

V ∗jaVjbU
∗
aµUbµ 〈φa| |φb〉

 sµ (20)
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Now, we define

Djµ =
∑
a,b

V ∗jaVjbU
∗
aµUbµ 〈φa| |φb〉 (21)

Observe, that

Djµ =

(∑
a

V ∗jaU
∗
aµ 〈φa|

)(∑
b

VjbU
∗
bµ |φb〉

)
≥ 0 (22)

since ∀ |ξ〉 : 〈ξ| |ξ〉 ≥ 0. Using the fact that V and U are unitary, i.e
∑
j V
∗
jaVjb = δab and∑

j U
∗
jaUjb = δab, we show∑

j

Djµ =
∑
a,b

(
∑
j

V ∗jaVjb)U
∗
aµUbµ 〈φa| |φb〉 =

∑
a,b

δabU
∗
aµUbµ 〈φa| |φb〉 =

∑
a

U∗aµUaµ = δµµ = 1 (23)

and similarly
∑
µDjµ = 1. Thus, D is a doubly stochastic matrix.

Problem 4

(a) Choosing orthonormal bases {|i〉A} and {|j〉A′} for systems A and A′, the swap operator

can be written as SAA′ =
∑
i,j

(|i〉 〈j|)A ⊗ (|j〉 〈i|)A′ . Since ρA = trB(|ψ〉〈φ|)AB = ρA′ , we have,

trABA′B′ [(SAA′ ⊗ IBB′) (|φ〉〈φ|AB ⊗ |φ〉〈φ|A′B′)] = trAA′ [SAA′(ρA ⊗ ρA′)]

=
∑
k,l

〈k|A〈l|A′

∑
i,j

(|i〉〈j|)A ⊗ (|j〉〈i|)A′

 (ρA ⊗ ρA′) |k〉A|l〉A′

=
∑
i,j,k,l

δikδjl(ρA)jk(ρ′A)il

=
∑
k,l

(ρA)lk(ρA)kl =
∑
l

(ρ2A)ll = trAρ
2
A (24)

(b) The constant C multiplying ΠAA′ can be determined from the constraint that the av-

erage state must be normalized, ie. tr(C ΠAA′) = 1. But tr ΠAA′ = dsym where dsym =

d(d+ 1)/2 is the dimension of the symmetric subspace of AA′. To see this, let’s construct

an explicit orthonormal basis for the symmetric subspace. The states {|i〉A ⊗ |i〉A′} with

i = 1, . . . , d are clearly symmetric, and there are d such states. Furthermore, consider the

states (|i〉A ⊗ |j〉A′ + |j〉A ⊗ |i〉A′) /
√

2 for i 6= j, which are also symmetric and linearly inde-

pendent from the previous ones. There are
(
d
2

)
= d(d − 1)/2 such states, giving a total of

d+ d(d− 1)/2 = d(d+ 1)/2 linearly independent basis states spanning the symmetric subspace

of AA′. Therefore,

C =
1

d sym
=

[
d(d+ 1)

2

]−1
(25)

(c) Using part (b), 〈
|φ〉〈φ|AB ⊗ |φ〉〈φ|A′B′

〉
= C ΠAB;A′B′ (26)
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where C = 2/dAdB(dAdB + 1), since dim(AB) = dAdB . Taking the average on both sides of

Eqn.(26), 〈
trAρ

2
A

〉
= trABA′B′

[
(SAA′ ⊗ IBB′)

〈
|φ〉〈φ|AB ⊗ |φ〉〈φ|A′B′

〉]
=

C

2
trABA′B′ [(SAA′ ⊗ IBB′)(IABA′B′ + SAB;A′B′)]

=
C

2
trABA′B′ [SAA′ ⊗ IBB′ + IAA′ ⊗ SBB′ ] (27)

But,

trAA′(SAA′) = tr(2 ΠAA′ − IAA′) = 2dA(dA + 1)2− d2A = dA (28)

And therefore, trABA′B′ (SAA′ ⊗ IBB′) = trAA′(SAA′) d2B = dAd
2
B . Similarly, we can calculate

trABA′B′ (IAA′ ⊗ SBB′) = d2AdB . Substituting these in Eqn.(29), we obtain〈
trAρ

2
A

〉
=

dAd
2
B + d2AdB

dAdB(dAdB + 1)
=

dA + dB
dAdB + 1

(29)

(d) We first calculate

||ρa −
1

dA
IA||22 = tr

((
ρA −

1

dA
IA

)†(
ρA −

1

dA
IA

))

= trρ2A +
1

d2A
trIA −

2

dA
trρA

= trρ2A +
1

d2A
dA −

2

dA
= trρ2A −

1

dA
(30)

Now, using part (c),〈
||ρa −

1

dA
IA||22

〉
=
〈

trρ2A

〉
− 1

dA
=

dA + dB
dAdB + 1

− 1

dA
≤ 1

dA
+

1

dB
− 1

dA
=

1

dB
(31)

Thus, using the Cauchy-Schwarz inequality,〈
||ρa −

1

dA
IA||2

〉
≤
√

1

dB
(32)

(e) Let M = ρA − 1
dA
IA. Since M is Hermitian, we can write it in the basis {|µ〉} that

diagonalizes it as M =
∑d
µ=1 λµ|µ〉〈µ|. Then, ||M ||1 = tr

√
M†M =

∑d
µ=1 |λµ|. On the other

hand, ||M ||2 =
√

tr(M†M) =
√∑d

µ=1 |λµ|2. Now, using the Cauchy-Schwarz inequality again,

〈
|λµ|

〉
≤
√〈
|λµ|2

〉
⇒ 1

d

d∑
µ=1

|λµ| ≤

√√√√1

d

d∑
µ=1

|λµ|2 ⇒ ||M ||1 ≤
√
d||M ||2 (33)

Using the bound on
〈
||M ||2

〉
from part (d), we get

〈
||M ||1

〉
≤
√
dA

〈
||M ||2

〉
≤
√
dA
dB

(34)
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