
Physics 12c, Problem Set 5 Solutions

May 2016

1. Light bulb in a refrigerator

A refrigerator that draws 50 W of power is contained in a room at tempera-
ture 300 K. A 100 W light bulb is left burning inside the refrigerator. Find the
steady-state temperature inside the refrigerator assuming it operates reversibly
and is perfectly insulated.

Since the refrigerator operates reversibly, we have

W =
Th − Tl

Tl
Ql (S1)

After taking time derivative of this equation, we find:

Tl = Th
Q̇l

Ẇ + Q̇l

= 300K × 100W

100W + 50W
= 200K. (S2)

2. Imperfectly insulated refrigerator.

(a) The heat flowing into the the refrigerator would be extracted out to keep
the temperature inside,

Q̇1 = Pref
Tl

Tm − Tl
. (S3)

The heat removed from the air conditioner is from the heat entering the
room Q̇2, exhaust from the refrigerator, but some heat loss into the re-
frigerator.

Q̇2 + Pref
Tm

Tm − Tl
− Q̇1 = Pac

Tm

Th − Tm
(S4)

After some algebra, we can get

Pref =
Tm − Tl

Tl
Q̇1 =

(Tm − Tl)2

Tl
A1 (S5)

Pac =
Th − Tm

Tm
(Q̇2 − Q̇1 +

Tm

Tl
Q̇1)

=
(Th − Tm)2

Tm
A2 +

Th − Tm

Tm

(Tm − Tl)2

Tl
A1 (S6)

Then,

Ptotal = Pref + Pac = A1(Tm − Tl)2
Th

TlTm
+ A2

(Th − Tm)2

Tm
(S7)

Consider two special cases: (1) for τm = τh, Ptotal = A1
(Tm−Tl)

2

Tl
. It

makes sense that air conditioner doesn’t work because of no temperature
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differences. (2) For τm = τl, Pref = 0 and Pac = (Th−Tm)2

Tm
A2. The

refrigerator doesn’t work and the air conditioner only has to expel the
heat from outside of the room.

(b)

∂Ptotal

∂τm
|τopt

m
= − A2

2(τh − τm)
τm

−A2
(τh − τm)2

τ2
m

+ 2A1(τm − τl)
τh

τlτm
−A1(τm − τl)2

τh

τlτ2
m

= 0 (S8)

After some algebra, we can get get the optimal temperature

τm =
√

τhτl
A2τh + A1τl

A2τl + A1τh
(S9)

In the case τh = τl, we can have τopt
m = τl, which means the both appliances

do not need to work if τm is the same as the outside and interior of
refrigerator. In the limit A1 >> A2, τm = τl. If the heat flows into the
refrigerator a lot, the temperature of the refrigerator would be balanced
with the room temperature. The same argument is also true in the limit
A1 << A2, in which case τm = τh.

(c) Assuming A1 = A2 = A,

τm =
√

τlτh
τl + τh

τl + τh
=
√

τlτh (S10)

Plug it in to Ptotal, and we can get

Ptotal = 2A
√

τhτl(
√

τh

τl
− 1)2 (S11)

We can see that P = 0, when τh = τl, which also agrees with the result in
(b).

3. Photonic heat engine

Consider a heat engine undergo in a Carnot cycle, where the working fluid
is a photon gas rather than a classical idea gas. In the first stroke the gas
expands isothermally at temperature τh from the initial volume V1 to the final
volume V2. In the second stroke it expands isentropically to volume V3, cooling to
temperature τl. In the third stroke it is compressed isothermally at temperature
τl to voleme V4, and in the fourth stroke it is compressed isentropically back to
volume V1, heating to temperature τh.

(a) The energy per unit volume of a photon gas is U/V = Aτ4, where A =
π2/15~3c3. Use the thermodynamic identity

dU = τdσ − PdV

to find the entropy σ of the gas expressed in terms of A, τ , and V . /assume
that the entropy is zero at τ = 0

Using the thermodynamic identity

dU = τdσ − PdV (S12)

we have:
dσ

dτ
=

1
τ

dU

dτ
+

P

τ

dV

dτ
=

d

τdτ
AV τ4 + 0 = 4AV τ2 (S13)
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(b) Use the thermodynamic identity again to express the pressure P in terms
of A, τ , and V .

We then have:

P = τ
dσ

dV
− dU

dV
=

4
3
Aτ4 −Aτ4 =

1
3
Aτ4 (S14)

(c) Calculate the work done W12 and the heat added Q12 during the first stroke
of the cycle, expressed in terms of A, τh, V1 and V2. Verify that Q12−W12

is the change in the internal energy of the gas.

We then have:

W12 =
∫ V2

V1

PdV = P

∫ V2

V1

dV =
1
3
Aτ4

h(V2 − V1), (S15)

and
Q12 = τh∆σ =

4
3
Aτ4

h(V2 − V1). (S16)

Therefore,
Q12 −W12 = Aτ4

h(V2 − V1) = ∆U (S17)

as desired.

(d) Express the work W34 done by the gas in the third stroke (A negative num-
ber), in terms of A, τl, V3 and V4.

Similarly,

W34 =
∫ V4

V3

PdV = P

∫ V4

V3

dV =
1
3
Aτ4

l (V4 − V3), (S18)

(e) Use the condition σ= constant during the isentropic strokes to express V3

and V4 in terms of τl, τh, V1 and V2.

σ =constant during the isentropic strokes gives:

4
3
A(τ3

l V3) =
4
3
A(τ3

hV2) (S19)

4
3
A(τ3

l V4) =
4
3
A(τ3

hV1) (S20)

Then we have:

V3 =
τ3
h

τ3
l

V2 (S21)

V4 =
τ3
h

τ3
l

V1 (S22)

(f) Find the work W23 done during the second stroke and the work W41 done
during the fourth stroke.

During the isentropic strokes we have Q = 0, therefore:

W23 = −∆U23 = A(τ4
hV 2− τ4

l V 3) (S23)
W41 = −∆U41 = A(τ4

hV 4− τ4
l V 1) (S24)
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(g) Express the net work W = W12+W23+W34+W41 done during the complete
ycle in terms of A, τh, τl, V1 and V2. Comparing to Q12, check that the
engine achieves the ideal Carnot efficiency.

Now,

W = W12 + W23 + W34 + W41

= A[
1
3
τ4
h(V2 − V1) + τ4

hV2 − τ4
l V3 −

1
3
τ4
l (V3 − V4) + τ4

l V 4 − τ4
hV1]

=
4Aτ3

h

3
[τh(V2 − V1)− τl(V2 − V1)] =

4Aτ4
h

3
(V2 − V1)

τh − τl

τh

=
τh − τl

τh
Q12 (S25)

Indeed, it achieves the idea Carnot efficiency.

4. Bose Condensation in Two Dimensions

Consider an ideal gas of non-relativistic spin-0 bosons, at temperature τ , in a
two–dimensional box of side L.

(a) Find the two–dimensional density of states factor D(ε).

∑
orbitals

−→ L2

∫
d2p

(2π~)2
=

L2

2π~2

∫
d(

1
2
p2) .

Using ε = p2/2m, we find

∑
orbitals

−→ L2m

2π~2

∫
dε =

∫
dε D(ε) ,

where

D(ε) =
L2m

2π~2

(which is independent of ε).

(b)) Express the activity λ ≡ eµ/τ in terms of N0, the number of particles in the
ground orbital. Use the convention that the energy of the ground orbital
is ε0 = 0.

The distribution function

f(ε, τ) =
1

e(ε−µ)/τ − 1

becomes, for the ground state orbital with ε0 = 0,

N0 =
1

λ−1 − 1
⇒ λ =

1
1 + N−1

0

.

(c) Find Ne(τ), the number of particles in excited orbitals. You may assume
that the box is big enough so that the sum over states can be replaced by an
integral. Be sure to use the formula found in (b) for λ, not the N0 → ∞
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limit of that formula. Your answer for Ne will therefore be expressed in
terms of N0. Hint:

∫
dx(aex − 1)−1 = ln(a− e−x).

The number of particles in excited orbitals is

Ne(τ) =
∫ ∞

0

dε D(ε)f(ε, τ) ;

using the expression for D(ε) from part (a), and substituting x = ε/τ , we
obtain

Ne(τ) =
L2mτ

2π~2

∫ ∞

0

dx

λ−1ex − 1
.

Doing the integral using the hint,∫ ∞

0

dx
1

λ−1ex − 1
= ln(λ−1 − e−x)

∣∣∣∞
0

= ln
(

λ−1

λ−1 − 1

)
= ln(N0 + 1) ,

where in the last step we use the expression for λ from part (b). Therefore,
the number of particles per unit area in excited orbitals is

Ne(τ)
L2

=
mτ

2π~2
ln(N0 + 1) .

(d) Find the two–dimensional Einstein condensation temperature τE. This is
the smallest temperature such that, for τ > τE, the fraction N0/(N0 +Ne)
of particles in the ground orbital vanishes in the limit L→∞. (The limit
is to be taken with the density (N0 + Ne)/L2 held fixed.)

The Einstein condensation temperature is τE = 0. From the expression
for Ne/L2 from part (c), we see that if Ne/L2 is held fixed as L→∞, then
for any τ > 0 the value of N0 is independent of L, and so N0/L2 = 0 in the
L→∞ limit. At zero temperature, all particles are in the ground orbital,
but for any nonzero τ , the fraction of particles in the ground orbital is
zero when the size of the system is infinite.

5. Heat capacity of graphene

In graphene, we have:

U = 2A

∫
d2k

(2π)2
~νk(n+(k)− n−(k)). (S26)

Notice that there are two spin states and the factor of (2π)−2 gives the right
number of the orbitals. At τ = 0 we have n+ = 0 and n− = 1. Therefore,

U(τ)− U(0) = 2A

∫
d2k

(2π)2
~νk(n+(k)− n−(k) + 1) (S27)

From Fermi-Dirac statistics, we have:

n+(k) =
1

e~νk/τ + 1
(S28)

and
1− n−(k) = 1− 1

e−~νk/τ + 1
= n+(k) (S29)
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Then,

U(τ)− U(0) = 4A

∫
d2k

(2π)2
~νk

e~νk/τ + 1

= 4A

∫
2πkτdk

(2π)2
~νk/τ

e~νk/τ + 1

=
2A

π
τ(

τ

~ν
)2

∫ ∞

0

dx
x2

ex + 1
=

2A

π
(1.803)

τ3

~2ν2
.

Compared with U(τ)− U(0) = 1
3γAτ3, we have

γ =
6
π

(1.803)(~ν)−2 (S30)
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