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The quest to identify quantum advantages lies at the heart of quantum technology. While quantum
devices promise extraordinary capabilities, from exponential computational speedups to unprecedented
measurement precision, distinguishing genuine advantages from mere illusions remains a formidable
challenge. In this endeavor, quantum theorists are like prophets attempting to foretell the future, yet the
boundary between visionary insight and unfounded fantasy is perilously thin. In this Perspective, we
examine our mathematical tools for navigating the vast world of quantum advantages across computation,
learning, sensing, and communication. We explore five keystone properties, predictability, typicality,
robustness, verifiability, and usefulness that define an ideal quantum advantage, and envision what new
quantum advantages could arise in a future with ubiquitous quantum technology. We prove that some
quantum advantages are inherently unpredictable using classical resources alone, suggesting a landscape
far richer than what we can currently foresee. While mathematical rigor remains our indispensable guide,
the ultimate power of quantum technologies may emerge from advantages we cannot yet conceive.
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I. QUEST FOR QUANTUM ADVANTAGE

Quantum entanglement is often portrayed as the epitome
of quantum strangeness. Even when two entangled particles
are separated by light years, measuring one particle causes
the other to instantly “know” and collapse to a correlated
state. This phenomenon appears to enable faster-than-light
communication, violating the fundamental speed limit that
governs our classical Universe. Could this mysterious
quantum effect enable instant galactic communication?
The answer, as we now understand, is no. Yet this question
reveals a deeper challenge that continues to perplex
physicists: When does quantum physics truly outperform
classical physics?
This quest to identify genuine quantum advantages, tasks

where quantum systems fundamentally surpass what is
achievable by their classical counterparts, lies at the heart of
quantum technology. While quantum devices are heralded
for their revolutionary potential, from quantum computers
promising exponential speedups to quantum sensors
achieving unprecedented precision, distinguishing genuine
quantum advantages from mere illusions has proven

remarkably subtle. Entangled particles illustrate this per-
fectly: Despite exhibiting correlations that seem to defy
classical physics, quantum entanglement does not neces-
sarily enable capabilities beyond what classical systems can
achieve.

A. Puzzle 1: Is this spooky?

Consider two observers, Alice and Bob, sharing an
entangled quantum state:

1ffiffiffi
2

p ðj↑i ⊗ j↑i þ j↓i ⊗ j↓iÞ: ð1:1Þ

Alice and Bob are separated to opposite ends of the galaxy.
(i) When Alice measures her particle’s spin in the

fj↑i; j↓ig basis, Bob’s particle instantly collapses
to j↑i or j↓i depending on Alice’s outcome.

(ii) When Bob measures his spin in the fj↑i; j↓ig basis,
he immediately knows Alice’s result.

(iii) This happens instantly and is faster than light could
travel between them.

Can we simulate this behavior using only classical objects,
like a pair of socks? Does the answer change if Alice and
Bob randomly choose to measure in either the fj↑i; j↓ig
basis or the rotated basis fj↗i; j↙ig? The solution can be
found in Appendix A 1.
This puzzle illustrates a crucial principle about quantum

advantages: They can be remarkably subtle. When Alice
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and Bob measure only in the fj↑i; j↓ig basis, their
quantum correlations can be perfectly mimicked by
classical systems, such as pairs of socks with predeter-
mined properties. Yet a small change, allowing measure-
ments in multiple bases, reveals a genuine quantum
advantage that cannot be replicated by any classical system
with local interactions. This fundamental impossibility was
established in Bell’s elegant theorem [1], which demon-
strated the nonlocal nature of quantum correlations. Such
delicate distinctions between quantum and classical capa-
bilities pervade the study of quantum advantages.
As quantum technology advances, distinguishing genu-

ine advantages from pseudoadvantages has become
increasingly crucial. A pseudoadvantage arises when a
quantum protocol appears to outperform all classical
approaches, only to be matched by a clever classical
strategy that was previously overlooked. Puzzle 1 demon-
strates that while quantum entanglement seems to enable
nonlocal instantaneous correlations, the same statistical
outcomes can be achieved classically with pairs of socks, at
least when measurements are restricted to a single basis.
The subtlety of quantum advantages extends far beyond

this example. Even when quantum algorithms appear
to achieve extraordinary feats impossible for classical
computers, careful analysis sometimes reveals surprising
classical alternatives. The following puzzle illustrates how
quantum advantages can be particularly deceptive in the
realm of data analysis and machine learning.

B. Puzzle 2: Exponential quantum advantage
in analyzing big data?

Consider a massive dataset represented by M exponen-
tially long vectors x⃗1;…; x⃗M ∈R2n , each having unit norm.
Alice and Bob want to analyze this massive dataset, but
they have very different tools at their disposal. Alice can
harness the power of quantum technology. Suppose she can
create quantum states representing her data in just polyðnÞ
time that eventually stores the state in OðnÞ qubits of
memory:

jxki ¼
X2n
i¼1

xk;ijii: ð1:2Þ

Using this ability and a basic quantum algorithm, Alice can
efficiently compute inner products between any two vectors
using the stored states. Even though the vectors have 2n

components, she can estimate

hxkjxli ¼
X2n
i¼1

xk;i · xl;i ¼ x⃗k · x⃗l ð1:3Þ

to precision 1=polyðnÞ in polyðnÞ time. This seems almost
magical as Alice can analyze relationships between vectors
of exponential size in time that grows logarithmically in

their dimensions. Meanwhile, Bob only has access to
classical technology: a standard random-access memory
(RAM) with size polyðnÞ able to retrieve chunks of the
same data at a time. At first glance, his task seems hopeless,
as reading all entries of a single vector would take
exponential time in n.
Can Bob’s classical computation somehow match

Alice’s quantum prowess? Or has Alice discovered a
genuine quantum advantage? The solution can be found
in Appendix A 2.
At first glance, Alice’s quantum approach seems unbeat-

able. However, Bob has a clever solution using only classical
importance sampling to exactly match Alice’s quantum
performance. The inner product can be estimated in classical
polynomial time without any quantum technology. We also
note that Alice’s ability to store the information into the
amplitudes of a state in polyðnÞ is sometimes referred to as
quantum random access memory (QRAM). The best known
scheme for creating fault-tolerant QRAM generally requires
a quantum spacetime footprint scaling as Oð2nÞ, so this
advantage can disappear due to the existing challenge in
physical implementations [2,3].
Such pseudoadvantages have appeared repeatedly

throughout the development of quantum technology.
Perhaps the most dramatic story began with the HHL
algorithm, a quantum algorithm for solving linear systems
of equations that exemplifies genuine quantum advantage.
In 2009, Harrow, Hassidim, and Lloyd proved that quantum
computers can solve linear systems superpolynomially
faster than classical computers [4]. More precisely, they
proved that this superpolynomial quantum advantage
follows from the widely believed conjecture that quantum
computer is strictly more powerful than classical computers
in at least one computational tasks, or BPP ≠ BQP. This
breakthrough inspired hundreds of other derived quantum
algorithms for machine learning, optimization, and numeri-
cal linear algebra, many claiming exponential speedups
over classical approaches.
However, starting in 2018, this excitement collided with

reality. Researchers discovered that some of these derived
quantum algorithms could be matched by clever classical
approaches [5,6], similar to Bob’s solution in Puzzle 2.
While the HHL algorithm still has genuine quantum
advantage and may provide practical value in certain
applications, many previously proposed applications of
the HHL algorithm for practically useful tasks turn out to
offer only modest computational speedups. This pattern,
apparent quantum advantages dissolving under careful
analysis, teaches us a profound lesson: Even when building
upon genuine quantum advantages, we must rigorously
verify that the advantage persists in our specific application
of interest.
The story of quantum advantages often takes multiple

unexpected turns. Consider one of the first enticing facts
one learns about in the first chapter of a quantum

HUANG, CHOI, MCCLEAN, and PRESKILL PHYS. REV. X 16, 030501 (2026)

030501-2



computing textbook: A quantum state of n qubits contains
2n complex amplitudes, suggesting an exponential advan-
tage in information storage compared to classical bits.
However, the next chapter usually dashes these hopes as
Holevo’s bound [7] proves that only OðnÞ classical bits of
information can be reliably retrieved from n qubits through
measurement. Yet, remarkably, this is not the end of the
story. The following puzzle illustrates how quantum
advantages can reemerge in subtle ways.

C. Puzzle 3: Can quantum systems encode exponentially
many bits?

Consider a large, normalized vector x⃗ of dimension
N ¼ 2n stored in Alice’s classical memory. Alice wishes to
compress this data into logN qubits to save space and
bandwidth when sending it to Bob. She encodes her data
into quantum amplitudes using n ¼ logN qubits:

jxi ¼
X2n
i¼1

xijii: ð1:4Þ

Satisfied with her extremely compact encoding, Alice
realizes she can now transmit or teleport just n qubits
instead of the exponentially larger original data. She sends
several copies to Bob and keeps a few herself before
deleting the original data. Bob stores the quantum states for
later processing but wonders, given Holevo’s bound, could
Alice have just sent OðnÞ classical bits and saved all the
trouble of using quantum technology?
Did Alice and Bob gain anything by compressing the

data into quantum states? Does compressing data into

quantum states provide an advantage? Is this compression a
genuine quantum advantage, or yet another illusion? The
solution can be found in Appendix A 3.
At first glance one may conclude that quantum states

offer a simple way to exponentially compress data for
communication. However, Holevo’s bound appears to
quickly and completely shatter this hope as Bob can extract
only OðnÞ classical bits from his quantum states, sug-
gesting Alice could have achieved the same result by
sending classical bits. Yet this is not the complete story. The
answer crucially depends on what Bob wants to do with the
data. For some tasks, like computing the overlap with
another vector, the compression into a quantum state offers
no advantage [5]. However, for other tasks, such as
determining whether the vector belongs to a particular
subspace or its orthogonal complement, compressing data
into a quantum state provides a genuine exponential
quantum advantage. Classical communication for solving
this problem requires Θð2n=2Þ bits, while quantum com-
munication requires only OðnÞ qubits [8]. The maximum
OðnÞ vs Ωð2nÞ quantum-classical separations have since
been established for related tasks [9,10], highlighting that
quantum states can, in appropriate senses, encompass the
power of 2n classical bits. Moreover, these quantum
advantages do not rely on any unproven computational
conjecture. This type of advantage has found recent
applications in quantum machine learning, such as for
computing quadratic functions of data [11].
These examples underscore the importance of rigorous

analysis of quantum advantages. As quantum technologies
rapidly advance and require substantial investments of
human effort and financial resources, establishing rigorous

FIG. 1. Conceptual overview of the vast world of quantum advantage. (a) Keystones of quantum advantage. We propose five essential
properties that collectively define an ideal quantum advantage: predictability (supported by rigorous evidence), typicality (applying to a
substantial fraction of naturally occurring problem instances), robustness (maintaining advantage despite noise and imperfections),
verifiability (enabling efficient validation of correctness), and usefulness (providing genuine practical value). (b) Realms of quantum
advantage. Quantum advantages can be found across four primary domains: computation (algorithmic speedups), learning and sensing
(enhanced methods for probing the world), cryptographic, communication, and strategic games (advantages in security and
coordination), and space (improved memory efficiency). (c) Future of quantum advantage. The visible tip of the iceberg represents
the currently known and predicted advantages, while the vast, submerged part represents the largely unexplored frontier of empirical,
conceptual, and fundamentally unpredictable advantages that may only be discovered through future quantum technologies.
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theoretical foundations becomes essential to ensure these
efforts are well directed. Quantum computing ventures now
attract billions of dollars in investment, and governments
worldwide launch major quantum initiatives, making the
stakes for establishing genuine quantum advantages
increasingly important. Without solid theoretical founda-
tions, we risk pursuing technological directions that may
ultimately prove less effective than anticipated, potentially
misallocating significant resources and undermining con-
fidence in quantum technologies. The quantum computing
community continues to grapple with these challenges,
debating evaluation criteria for quantum algorithms and
addressing misconceptions about near-term capabilities,
while recognizing the critical need for algorithmic break-
throughs to justify ongoing hardware investments [12–15].
At the same time, the quest for genuine quantum advan-

tages offers rewards that extend far beyond responsible
stewardship of resources. Seeking quantum advantages
requires uncovering new insights into the fundamental
distinctions between quantum and classical physics.
These insights often transcend their original context,
offering new perspectives in fields ranging from condensed
matter physics to quantum gravity, from computational
complexity to information theory. These profound intel-
lectual rewards provide yet another compelling reason to
pursue rigorous quantum advantages. The careful analysis
of quantum advantages thus serves both the responsible
stewardship of society’s investment and our fundamental
understanding of the quantum universe.

II. KEYSTONES OF QUANTUM ADVANTAGE

Having explored why identifying genuine quantum
advantages is crucial for the future of quantum technology,
we now turn to a systematic analysis of what constitutes
compelling examples of quantum advantages. What proper-
ties must they possess to be both theoretically convincing
and practically valuable? This question is particularly
pressing in the current era, where quantum technologies
are rapidly advancing yet remain imperfect, and where
substantial resources are being allocated to quantum
research and development. We propose five keystone
properties that define an ideal quantum advantage. See
Fig. 1(a) for an illustration of the five keystone properties.

A. Predictability

All theorists studying quantum technologies are, in
essence, prophets trying to predict the future. In the current
era, where large-scale quantum technology remains elusive,
the exploration of quantum advantages requires careful
theoretical guidance to distinguish genuine advantages
from pseudoadvantages that may vanish upon closer
examination. This motivates our first keystone property:
Quantum advantages should be predictable, ideally through
rigorous, substantive, and quantifiable evidence.

Definition 1 (Predictability). A quantum advantage is
predictable if we have sufficient evidence supporting that,
given the necessary quantum technology, we will achieve
capabilities fundamentally beyond what is possible with
classical technology.
The importance of predictability stems from the inherent

difficulty of reasoning about quantum advantages.
Establishing genuine quantum advantages is a subtle
endeavor fraught with hidden pitfalls. Our classical intu-
itions often fail us when reasoning about quantum systems,
and seemingly obvious quantum advantages can dissolve
under careful analysis. Thus, we need robust theoretical
frameworks not only to distinguish genuine quantum
advantages from pseudoadvantages that merely reflect
our incomplete understanding, but also to quantify the
magnitude of these advantages with mathematical rigor.
Example 1 (Quantum recommendation systems). The

evolution of quantum recommendation systems illustrates
the subtle challenges in predicting quantum advantages.
Early work [16] proposed quantum algorithms that appeared
to offer exponential speedups for recommendation problems,
representing a natural application area where quantum
advantages seemed plausible. However, the wide array of
classical algorithmic techniques made it difficult to defini-
tively establish the advantage. Building on techniques similar
to those in Puzzle 2, researchers later found that classical
algorithms could achieve comparable performance [5],
demonstrating how some apparent quantum advantages
can dissolve when the full classical algorithmic landscape
is thoroughly explored.
This and similar experiences have driven the quantum

computing community to develop more rigorous method-
ologies for establishing predictable and quantifiable advan-
tages. Several powerful paradigms have emerged, each with
different strengths for providing reliable predictions about
quantum capabilities. The gold standard is formal math-
ematical proof for separating the optimal performance
achievable by classical technology from the performance
using quantum technology. Such formal proofs allow us to
predict quantum advantages with absolute certainty and
precisely quantify their magnitude. Nonlocal games built
upon Bell’s inequality (explored in Puzzle 1) exemplify this
approach.
A second powerful approach proceeds via reductions to

widely believed conjectures. The key is identifying con-
jectures supported by diverse evidence across different
fields. We then prove that the absence of quantum advantage
would violate these conjectures. Common examples include
BPP ≠ BQP (not all quantum polynomial-time problems
are classically solvable in polynomial time), the noncollapse
of the polynomial hierarchy [17], and the classical hardness
of factoring [18]. Even quantum computational hardness
assumptions, such as the hardness for quantum computers to
solve the learning with errors problem [19], can sometimes
be transformed into proofs of quantum advantage [20,21].
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Example 2 (Shor’s algorithm for factoring [18]). Shor’s
algorithm provides compelling evidence for quantum
advantage through reduction to the hardness of factoring,
a problem underpinning trillions of dollars of global digital
commerce [22,23]. Rivest-Shamir-Adleman (RSA) encryp-
tion, standardized by NIST as a federal cryptographic
standard [24], forms a critical component of this digital
infrastructure. Despite enormous financial incentives and
decades of intensive research by cryptographers and
computer scientists, no efficient classical algorithm has
emerged. The proven ability of Shor’s algorithm to factor
efficiently, combined with the sustained difficulty of classical
approaches, provides strong evidence for quantum advantage.
Example 3 (Cooling physical systems [25]). A recent

result shows how quantum advantage emerges in the
seemingly simple task of cooling quantum systems. When
a quantum system is placed in a cold environment, it
naturally finds a local minimum of its energy. Local minima
are not necessarily the absolute lowest (ground) state, but a
state that cannot be improved by small changes. While
finding ground states is believed hard even for quantum
computers, cooling to local minima exhibits a clear
quantum advantage: It is efficiently achievable by quantum
computers but provably hard for classical computers under
the widely believed conjecture that BPP ≠ BQP. This
result is particularly compelling because it connects to a
ubiquitous physical process, the natural cooling of quantum
systems, while providing rigorous evidence for quantum
advantage through reduction to complexity assumptions.
Open question 1: New conjectures for building quantum

advantages. Currently, provable quantum advantages rely
on relatively few complexity-theoretic conjectures. Can we
identify new mathematical conjectures, perhaps inspired by
physical principles, that enable us to predict and develop
new types of quantum advantages?
An emerging third paradigm elegantly combines empiri-

cal numerical calculations with mathematical proofs to
identify instance-specific quantum advantages. For certain
quantum algorithms, we can predict their performance
on specific problem instances by computing particular
quantities that are feasible using classical computers.
While quantum technology remains essential for actually
solving the original problem, this approach enables rig-
orous comparison between predicted quantum performance
and the capabilities of the best known classical algorithms,
allowing us to forecast and quantify quantum advantages
before constructing the necessary quantum hardware.
Unlike theoretical worst-case analysis, this paradigm ena-
bles evaluation on specific problem instances that arise in
real applications. While this approach cannot rule out
future classical algorithmic breakthroughs, it substantially
expands our ability to analyze potential quantum advan-
tages in practically relevant problem instances.
Example 4 (Quantum approximate optimization algo-

rithm [26]). Recent advances in understanding the quantum

approximate optimization algorithm (QAOA) [26] illustrate
this paradigm. For specific problem classes, QAOA’s
performance can be predicted through classical numerical
computation [27–29]. Remarkably, rigorous lower bounds
can be established even when running the quantum algo-
rithm is infeasible with current technology. For MAXCUT on
high-girth three-regular graphs, this analysis has provided
evidence for potential quantum advantages over known
classical algorithms [29].
Example 5 (Decoded quantum interferometry [30]).

Decoded quantum interferometry (DQI) [30] provides
another compelling illustration. DQI reduces classical
optimization problems to classical decoding problems
through quantum interference. DQI’s performance can be
predicted by evaluating classical decoders, even for large-
scale instances. This enables comparison with classical
algorithms before building quantum hardware. For certain
problems, such as optimal polynomial intersection, this
approach has revealed that DQI achieves better approxi-
mation ratios than any known classical algorithm [30].
Example 6 (Quantum phase estimation [31–33]). This

paradigm also manifests in quantum phase estimation
(QPE) for finding low-energy states of a Hamiltonian H.
After classical algorithms like DMRG [34] find their best
approximation to the ground state, we can predict how
quantum phase estimation would improve upon this result.
If the energy variance trðH2ρÞ − trðHρÞ2 of the classical
state ρ is substantial, QPE can efficiently find lower-energy
states [33]. This variance, often efficiently computable
classically, provides a rigorous lower bound on the quan-
tum advantage without requiring quantum hardware.
Open question 2: New theory for predicting quantum

advantages. How can we expand our mathematical arsenal
for predicting and quantifying quantum advantages before
having full-fledged quantum technology? Can we develop
a systematic theory for forecasting when and how quantum
systems will surpass classical limitations, along with
precise bounds on the magnitude of these advantages?
The ability to rigorously predict and quantify quantum
advantages may be as transformative as the advantages
themselves.

B. Typicality

When researchers establish quantum advantages for
computational, communication, learning, or sensing prob-
lems, they often prove that quantum technology can
efficiently solve all instances within a problem class, while
classical technology provably cannot. Though such results
seem ideal, the reality is more nuanced. The distinction
between worst-case and average-case complexity plays a
crucial role in determining the practical relevance of
quantum advantages.
Example 7 (Simulating quantum circuits). Consider

the task of simulating a closed quantum system evolving
under a time-dependent Hamiltonian described by a
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polynomial-size quantum circuit C. The goal is to estimate
local observables on the output state after evolving a simple
product input state under circuit C. Under the widely
believed conjecture that BPP ≠ BQP, this task exhibits a
superpolynomial quantum advantage in the worst case, that
is, for the quantum circuits that are most difficult to simulate
classically. However, this quantum advantage applies only
for some quantum circuits. For most quantum circuits
consisting of independent and generic circuit layers, the
quantum chaos in the dynamics enables efficient classical
simulation through low-weight Pauli propagation [35–43].
Moreover, it is widely believed that under natural Hamil-
tonian dynamics, local observables approach the predictions
from generalized thermal equilibrium states characterized by
a few conserved quantities such as particle numbers. This
stark contrast between worst-case and average-case com-
plexity exemplifies why worst-case advantages need not
imply quantum advantages for typical instances.
The relationship between worst-case and average-case

quantum advantages can be quite subtle. A problem may
show no quantum advantage in the worst case, yet possess
significant advantages for typical instances. Conversely, as
illustrated in Example 7, a problem may demonstrate
dramatic worst-case quantum advantage while admitting
efficient classical solutions for most instances.
From a practical perspective, the ability to solve con-

trived worst-case instances is far less valuable than solving
the typical instances encountered in real-world applica-
tions. This observation motivates our second criterion for
meaningful quantum advantages:
Definition 2 (Typicality). A quantum advantage exhibits

typicality if it applies to a substantial fraction of practically
relevant problem instances, rather than being confined to
particular instances that are especially hard classically.
This definition emphasizes that quantum advantages

should apply broadly to the kinds of problems we actually
want to solve, not just carefully crafted instances to prove
quantum-classical separations. A typical quantum advan-
tage promises practical impact across a broad spectrum of
applications, making it far more valuable than a narrow
advantage limited to pathological cases that rarely occur in
practice.
To establish typical quantum advantages, we can build

on average-case complexity theory, a subfield of theoretical
computer science that provides tools for analyzing algo-
rithmic performance on typical problem instances. Unlike
worst-case complexity, which considers the maximum
computational resources required across all possible inputs,
average-case complexity examines the expected resource
consumption under natural probability distributions of
problem instances. While this theoretical framework is
still developing, it has already yielded several compelling
examples of typical quantum advantages.
Example 8 (Random circuit sampling [44–48]). Random

circuit sampling (RCS) exemplifies how average-case

hardness can establish typical quantum advantages. The
task involves sampling from the output distribution of a
random quantum circuit to within a specified total varia-
tion distance. For example, Google’s Willow processor
demonstrated quantum supremacy by sampling from a
103-qubit random circuit in just a few minutes, while a
classical computer would require much longer than the
age of the Universe to complete the same task [47]. The
classical hardness of RCS stems from a reduction. For most
circuit instances, approximate sampling to small total
variation distance requires superpolynomial classical com-
putation, under the widely believed assumption that the
polynomial hierarchy does not collapse. These results
establish that quantum advantages for RCS are typical.
They hold for most random quantum circuits rather than
carefully constructed worst-case instances.
Example 9 (Discrete logarithm problem). The discrete

logarithm problem (DLP) provides another prototypical
example of typical quantum advantage. Given a cyclic
group G of prime order p with generator g, and an element
h∈G, the task is to find x such that gx ¼ h. While Shor’s
algorithm solves the DLP in quantum polynomial time, the
best-known classical algorithms require exponential time
for most group elements when G is carefully chosen [49].
The generic nature of this quantum advantage stems from a
powerful reduction: Finding discrete logarithms for a
random element h∈G is provably as hard as solving the
problem in the worst case [50]. This reduction is known as
random self-reducibility and holds for broad classes of
groups, including those used in practical cryptographic
systems, making the average-case hardness a foundation
for widely deployed cryptographic protocols.
These examples highlight how average-case complexity

can establish quantum advantages that are both theoreti-
cally rigorous and practically relevant. However, develop-
ing the theory of average-case complexity remains an
ongoing challenge. The field must address several funda-
mental questions: identifying natural probability distribu-
tions over problem instances that capture real-world
applications, finding more problems with properties like
random self-reducibility that connect average-case to
worst-case hardness, and developing new proof techniques
for average-case lower bounds on classical computation. As
of now, most superpolynomial quantum advantages are not
known to be typical. The most well known examples are
random circuit sampling, where the randomly generated bit
strings are not known to be of much use, and Shor’s
algorithm for breaking cryptographic protocols, where one
can reinstate security by using postquantum cryptography
[19]. More recently, the problem of optimal polynomial
interpolation (OPI) has been conjectured to be another such
instance. For OPI, there are parameter regimes that are
efficiently solvable by DQI [30] but which are not solved
in polynomial time by any known classical algorithms,
even for average-case instances, though this problem is not
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known to have the property of random self-reducibility like
DLP. Aside from such superpolynomial speedups, there are
also a variety of average-case-hard problems, for example,
circuit-SAT, that admit Grover-like quadratic speedups
for typical instances. More recently, quantum algorithms
have been discovered giving a superquadratic polynomial
speedup for the problem of sparse learning parity with
noise (LPN) [51]. As LPN is a canonical average-case-hard
problem where even a quantum computer is not expected to
offer an efficient solution in general, better-than-quadratic
polynomial speedups for typical instances of this problem
are conceptually significant. These observations raise the
following open question.
Open question 3: Typical quantum advantage. Are there

other problems not based on random circuit sampling,
Shor’s algorithm, or OPI that exhibit typical, superpoly-
nomial quantum advantage, where the quantum advantage
applies to most instances of the problem rather than just
worst-case instances? Can we establish new tools enabling
us to show that broad families of problems have typical
quantum advantage?

C. Robustness

The journey from theoretical to empirical quantum
advantage often faces a formidable enemy: noise. Quan-
tum systems are notoriously fragile as interactions with the
environment easily destroy quantumness. Moreover, quan-
tum advantages may erode under deviations from idealized
theoretical assumptions. This raises a crucial question: Can
quantum advantages survive under noise and imperfection?
Definition 3 (Robustness). A quantum advantage is

robust if it persists despite deviations from idealized
theoretical assumptions, including imperfections in hard-
ware, available resources, input data, etc.
For quantum computing tasks, we possess the remark-

able theoretical framework of quantum fault tolerance that
provides a path to universal hardware robustness. The
threshold theorem proves that if we can reduce errors in our
quantum hardware below a certain threshold, we can
achieve arbitrarily long quantum computations at reason-
able overhead using carefully designed error correction
protocols. This means quantum computational advantages,
like Shor’s factoring algorithm or quantum simulation of
many-body systems, are theoretically robust: They main-
tain their advantage even with noisy quantum hardware,
provided the noise is below threshold.
Example 10 (Fault-tolerant quantum computation). The

threshold theorem ensures that a quantum circuit with
C perfect gates can be simulated by a noisy quantum
circuit with error at most ϵ, provided the noise per gate
is below a threshold pth. Traditional approaches require
O½C logcðC=ϵÞ� noisy gates for this simulation, where c
is a constant. Recent breakthroughs have dramatically
improved this overhead: Using constant-rate quantum
locally testable codes, a depth-D quantum circuit on n

qubits with C ideal gates can be simulated by a noisy
quantum circuit that maintains a constant space overhead
[using only OðnÞ qubits] and near-logarithmic time over-
head [using only D log1þoð1ÞðC=ϵÞ depth] [52,53].
However, the story changes dramatically when we

consider other kinds of quantum advantages. Quantum
sensing offers a striking example.
Example 11 (Entanglement-enhanced sensitivity). By

exploiting quantum entanglement, quantum sensors can
achieve precision scaling as 1=ðNTÞ using an N-particle
probe with total sensing time T; this so-called Heisenberg-
limited quantum enhanced scaling should be compared to
the standard 1=ð ffiffiffiffi

N
p

TÞ scaling achieved by an unentangled
probe. However, this advantage dissolves in the presence of
generic noise. Recent no-go theorems [54] prove that, for
many sensing tasks, even small amounts of noise can
completely destroy the asymptotic quantum advantage,
forcing the precision to the scaling 1=

ffiffiffiffiffiffiffi
NT

p
for both

entangled and unentangled sensors. The
ffiffiffiffi
N

p
scaling

advantage achieved using entangled probes in the ideal
case is fundamentally unachievable when generic noise is
present, even if quantum error correction is strategically
deployed. A simplified, self-contained proof is given in
Appendix B.
This example presents a stark contrast to the case of

computation, where the exponential advantage of a quan-
tum computer over a classical computer survives even
when the quantum computer is subject to generic noise
provided the noise is sufficiently weak.
Beyond hardware noise, quantum advantages must also

withstand deviations from other theoretical assumptions.
The problem instances occurring in the real world may
not satisfy properties that guarantee quantum advantages.
In physical simulation, the initial condition or the speci-
fication of the dynamics may be slightly different
from those considered theoretically. And in machine
learning, the classical datasets may be inherently noisy
or incomplete [55–57].
In recent years, theorists have envisioned quantum

artificial intelligence (AI) agents that can learn about our
Universe by retrieving information using quantum sensors,
storing the information in quantum memory, and process-
ing the information using quantum computers. Ideal noise-
less quantum AI agents have been proven to achieve some
learning tasks with exponentially fewer experiments than
would be required by classical AI agents that store data in
classical memory and process them with classical com-
puters [58–60]. Because quantum AI agents integrate
multiple quantum technologies, they face robustness
challenges across multiple fronts simultaneously. The
vulnerability of quantum sensing to noise may hamper
data collection, while memory decoherence can corrupt
stored information, and computational errors can compro-
mise data processing. While some quantum learning
advantages have been proven to persist under realistic
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noise conditions [60–62] and experimentally demonstrated
in intermediate-scale superconducting qubit platforms [60]
and photonic systems [63], the robustness of many other
learning advantages remains uncharacterized. In particular,
it is not known whether universal fault-tolerant schemes
exist that can preserve all exponential advantages enjoyed
by ideal quantum AI agents.
Open question 1. Fault-tolerant quantum AI agents. Are

there universal fault-tolerant schemes that enable a noisy
quantum AI agent to efficiently simulate any noiseless ideal
quantum AI agent? Such schemes must preserve the agent’s
learning advantages while maintaining robustness against
multiple simultaneous sources of imperfection across
sensing, memory, and computation.

D. Verifiability

Quantum technology operates at the frontier of physics,
where highly complex entanglement and superposition
dominate. As we push toward large-scale quantum systems,
we venture into regimes of complexity and entanglement
never before encountered in physical experiments. This
raises a profound question: Can we trust quantum mechan-
ics to remain valid in these unexplored regimes?
The history of physics suggests caution. Just as Newton’s

laws break down at high velocities or in strong gravitational
fields, superseded by Einstein’s special or general relativity,
quantum mechanics might behave differently in regimes of
high complexity and large-scale entanglement. Our con-
fidence in quantum theory comes primarily from experi-
ments in relatively simple quantum systems with limited
entanglement. We have never tested quantum mechanics at
the complexity frontier where thousands of particles
maintain complex quantum correlations. As we push more
deeply into this complexity frontier, how can we trust that
our quantum devices are actually achieving what we think
they are?
This concern is not merely theoretical. The fragile nature

of quantum systems means that errors can accumulate and
propagate in subtle ways, potentially leading to incorrect
outputs that might nevertheless appear plausible. Moreover,
as we venture into regimes of high entanglement that have
never been experimentally explored, our intuition and
standard verification techniques may fail us. This challenge
motivates our fourth criterion for meaningful quantum
advantages:
Definition 4 (Verifiability). A quantum advantage is

verifiable if it can be checked efficiently that the quantum
technology is producing the correct output.
Verification serves a dual purpose in quantum techno-

logy. First, it ensures our quantum devices are functioning
as intended. For some quantum advantages, this verification
is straightforward. In quantum communication protocols
demonstrating Bell inequality violations, the correlations
between measurement outcomes directly verify the quantum
advantage. Similarly, for quantum algorithms like Shor’s

factoring, the output can be efficiently verified by classical
multiplication.
Second, and perhaps more profoundly, verification pro-

tocols can serve as stringent tests of quantum mechanics
itself in previously unexplored regimes. When a highly
complex quantum system behaves exactly as quantum
theory predicts, especially in scenarios where classical
simulation is provably impossible, we gain confidence in
the theory’s validity at higher scales of complexity.
Conversely, any deviation from quantum predictions in
these regimes could signal the discovery of new physics.
However, verification becomes considerably more chal-
lenging for tasks involving complex quantum states or
dynamics.
Example 12 (Classical verification of quantum compu-

tation [20]). A breakthrough in verifiable quantum advan-
tage camewith protocols that enable a classical computer to
verify any quantum computation. These protocols allow a
classical client to delegate quantum computations to a
quantum server while maintaining both privacy and verifi-
ability. The verification relies on cryptographic assump-
tions, such as the quantum hardness of the learning with
errors problem. Through an elegant combination of crypto-
graphic primitives and measurement-based quantum com-
putation, these protocols ensure that any deviation from
the prescribed quantum computation is detected with
high probability. Most remarkably, the verification can
be performed entirely by classical computers, providing a
bridge between classical and quantum computation that
enables rigorous testing of quantum advantages. This result
demonstrates that a classical system can verify a quantum
computation even when it cannot efficiently simulate the
quantum computation.
While universal verification schemes exist for quantum

computation, the landscape of verifiable quantum advan-
tages in other domains remains largely unexplored. In
quantum sensing, verification often relies on indirect
evidence or statistical consistency checks. For quantum
machine learning, verifying that a quantum model has truly
learned better features or representations than alternative
classical models remains challenging. This leads to several
open challenges.
Open question 2: Verification beyond computation. Can

we develop general verification schemes for quantum
advantages in communication, learning, and sensing that
go beyond computation? How can we verify outputs from
quantum technology when we venture into new physical
regimes?

E. Usefulness

The ultimate test of any technological advantage lies not
in its theoretical power but in its practical impact. While
demonstrating a quantum advantage that is predictable,
generic, robust, and verifiable is itself a remarkable
scientific achievement, these properties alone do not
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guarantee that the advantage will be valuable in real-world
applications. This observation leads to our final criterion:
Definition 5 (Usefulness).A quantum advantage is useful

if the advantage provides practical value to a user who
seeks an effective method for a significant application (and
who does not care whether the underlying technology is
classical or quantum).
The emphasis on practical value for users who do not

care about the underlying physics is crucial. Many early
quantum algorithms focused on problems specifically
constructed to showcase quantum advantages, like random
circuit sampling [44] or boson sampling [64]. While these
demonstrate fascinating quantum-classical separations,
their practical utility remains limited. In contrast, truly
useful quantum advantages should address problems we
genuinely want to solve, regardless of how we solve them.
Example 13 (Quantum simulation of materials).

Quantum simulation of strongly correlated quantum mate-
rials exemplifies a potentially useful quantum advantage.
Understanding and predicting the properties of complex
materials like high-temperature superconductors, exotic
quantum magnets, or catalyst molecules has immense
scientific and technological value, independent of the
methods used. Classical computers face fundamental chal-
lenges in simulating these systems due to the intricate
quantum correlations present in many-body systems, while
quantum computers can naturally represent and evolve
these quantum states. However, the landscape of simulation
methods continues to evolve rapidly. Classical algorithms,
particularly those leveraging machine learning and tensor
networks [65], have shown remarkable progress in describ-
ing previously intractable quantum systems. It remains
challenging to predict whether future classical technologi-
cal breakthroughs will enable efficient simulation of the
quantum materials most relevant to practical applications.
The path to useful quantum advantages often involves

identifying problems where quantum effects are inherent
to the challenge at hand, rather than forcing quantum
approaches onto classical problems. Moreover, usefulness
must be evaluated in the context of rapidly evolving
classical capabilities and the practical constraints of quan-
tum technology. It might turn out that the most impactful
quantum advantages are not those with the most impressive
theoretical speedups, but instead the applications where
quantum approaches offer qualitatively new capabilities or
insights.
Finding a new quantum advantage that achieves all five

keystone properties simultaneously remains a grand chal-
lenge for the field. This is stated in the following open
question.
Open question 3: Ideal quantum advantage. What

quantum advantages are simultaneously predictable, typi-
cal, robust, verifiable, and useful? Can we develop new
approaches to discover quantum advantages that satisfy all
these criteria?

III. REALMS OF QUANTUM ADVANTAGE

The vast world of quantum advantage extends far beyond
computational speedups and presents a rich tapestry of
opportunities where quantum resources enable capabilities
beyond those achievable with classical resources alone.
We can organize these quantum advantages into distinct
realms, each characterized by fundamentally different
sources of quantum superiority over classical approaches.
These realms differ not only in their applications but in their
fundamental nature. Some rely on unproven complexity
assumptions, while others are guaranteed by the laws of
physics themselves. For comprehensive surveys of quan-
tum algorithms and protocols across these realms, we refer
readers to existing resources [66–69]. See Fig. 1(b) for an
illustration of the four realms.

A. Computational advantages

The computational realm constitutes the most exten-
sively studied realm of quantum advantages, characterized
by algorithms that promise faster solutions to computa-
tional problems. Yet this realm has a complex landscape
where genuine advantages coexist with subtle illusions, and
where the foundation of each advantage rests on computa-
tional complexity assumptions.
Complexity-theoretic foundation. Unlike other realms

we will explore, computational quantum advantages fun-
damentally depend on unproven conjectures about the
computational difficulty of certain problems. The canonical
assumption BPP ≠ BQP asserts that quantum computers
can efficiently solve some problems that are intractable for
classical computers. While this assumption is supported
by substantial evidence, it remains a conjecture, one that
underpins virtually every claimed computational quantum
advantage.
Oracle-based advantages. The theoretical power of

quantum computation was first established in oracular
settings [70,71], where an oracle for computing a function
is given as a black box. Simon’s algorithm [71] provided the
first exponential advantage and directly inspired the devel-
opment of Shor’s algorithm. Other foundational results
include Grover’s search [72] and quantum walks [73–75]
exhibiting polynomial to exponential oracular advantages.
While oracle-based advantages provide important concep-
tual foundations for understanding quantum computational
power, they are not computational advantages in the usual
sense. The black box assumption means that when the
oracle’s internal structure is revealed, the quantum advan-
tage could disappear as classical algorithms may find
efficient shortcuts that exploit the revealed structure.
Shor’s algorithm. Building on the theoretical insights

from Simon’s algorithm, Shor’s algorithm [18] exemplifies
genuine computational quantum advantage. It exploits
the hidden subgroup structure that quantum computers
can efficiently solve, providing a concrete path from
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oracle-based advantage to real-world impact. As discussed
in earlier sections, it satisfies our keystone criteria and
demonstrates how quantum advantage can have profound
real-world implications through its threat to cryptographic
infrastructure worldwide. Even decades after its discovery,
no efficient classical algorithm has emerged to challenge its
speedup.
Quantum simulation. Beyond number-theoretic prob-

lems, quantum simulation represents a particularly natural
computational application, as the task of simulating quantum
many-body systems inherently involves quantum mechani-
cal effects that classical computers struggle to capture
efficiently [76,77]. The intuition is compelling: Quantum
systems should naturally simulate quantum physics. Yet
this intuitive advantage faces relentless competition from
advancing classical methods. Sophisticated tensor network
algorithms [65], machine learning approaches [78], and
quantum-inspired classical methods [79] continue to push
the boundaries of classical simulation. While quantum
simulators have the potential to achieve advantages for
specific problems, the landscape remains dynamic. What
appears quantum advantageous today may be challenged by
classical innovations tomorrow.
Power of data. A subtle challenge to computational

quantum advantages emerges with the recognition of the
power of data [80]. When quantum experiments generate
data that cannot be efficiently produced classically, even
classical machine learning algorithms trained on such data
can solve computational problems beyond the reach of
classical algorithms operating in isolation [81,82]. This
reveals a deeper vulnerability: As we accumulate more data
about our quantum universe through quantum simulations,
quantum sensors, and quantum experiments, classical
machine learning algorithms, by exploiting that data, might
learn to approximate quantum phenomena without requir-
ing additional quantum computation. However, assuming
BPP ≠ BQP, classical algorithms cannot universally sim-
ulate all quantum experiments. This suggests that important
applications can be realized by quantum computing and
classical AI working together; for example, quantum
computers might collect data in previously unexplored
physical regimes, empowering classical AI to predict
properties of exotic quantum systems that have not yet
been observed.
The realm of computational advantages presents a

nuanced picture: While the quantum advantage exhibited
by foundational algorithms like Shor’s remains well
grounded, the broader landscape is characterized by ongoing
competition between quantum and classical computers.
Quantum computational advantages require constant vigi-
lance as the classical state of the art continues to advance.

B. Learning and sensing advantages

Moving beyond pure computation, the learning and
sensing realm offers quantum advantages that emerge when

quantum technology interfaces directly with the physical
world. Here, advantages arise not from abstract algorithmic
improvements, but from the fundamental quantum nature
of information gathering, the physical systems we seek to
understand, and the ability to process quantum information
in ways that classical systems cannot. Crucially, many
advantages in this realm can be established without relying
on computational complexity assumptions.
Physics-based foundation. Unlike computational advan-

tages that rely on unproven complexity-theoretic conjec-
tures, nearly all known learning and sensing advantages rest
on fundamental physical principles. The standard quantum
limit in sensing, Heisenberg’s uncertainty principle, and the
inevitable disturbance of quantum states upon measure-
ment all derive from the rigorous mathematical foundations
of quantum mechanics, foundations that have been exten-
sively validated over the past century. These laws of nature
enable the development of learning and sensing advantages
without requiring any assumptions about computational
hardness. This physical grounding endows many learning
and sensing advantages with an intrinsic robustness that
computational advantages inherently lack.
Quantum sensing fundamentals and limits. Quantum

sensing harnesses intrinsically quantum objects, such as
atoms, ions, molecules, or photons, to measure physical
quantities with enhanced performance. This quantum
enhancement requires sophisticated quantum states, exem-
plified by Greenberger-Horne-Zeilinger (GHZ) states for
magnetic field sensing [83,84]. As described in Sec. II C,
achieving this quantum advantage faces a fundamental
adversary: noise. The Hamiltonian-not-in-Lindbladian-span
(HNLS) criterion reveals that a quantum enhancement
survives in the presence of noise only when the target signal
and noise processes can be distinguished at the operator level
[54]. In generic scenarios, this condition fails, rendering the
asymptotic quantum sensing advantage fundamentally unat-
tainable even with quantum error correction [85]. This stands
in stark contrast to quantum computation, where universal
fault tolerance provides a clear path to noise robustness.
Practical quantum sensing applications. Despite theo-

retical limitations, quantum sensing has already achieved
remarkable real-world successes. While finding examples
where entanglement enhances sensing capabilities in a real-
world setting has been famously elusive, a notable excep-
tion is LIGO’s detection of gravitational waves, employing
squeezed light to reduce quantum noise below the standard
quantum limit [86–89]. In contrast, advantages exploiting
the innate sensitivity of quantum sensors or ensembles
thereof have been far more common. For example, nitro-
gen-vacancy centers in diamond enable quantum-enhanced
magnetometry with nanoscale spatial resolution [90,91] or
under extreme temperature or pressure conditions [92,93],
while quantum-enhanced atomic clocks push temporal
precision to unprecedented levels [94–97]. In sensing appli-
cations, even constant factor improvements over existing
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technology can provide transformative practical utility.
Unlike computational tasks, where performance can often
be enhanced by distributing workloads across multiple
processors, sensing tasks frequently face fundamental
constraints imposed by their physical infrastructure. For
instance, achieving nanoscale spatial resolution in magne-
tometry requires the sensor to be physically positioned
at the target location, while gravitational wave detection
demands interferometers with enormous 4-km-long arms.
These physical constraints make it prohibitively expensive
or physically impossible to simply deploy additional
sensors to enhance performance. Quantum enhancements
thus offer a fundamentally different value proposition than
computational speedups.
Quantum learning agents. Recent developments have

found that the most significant advantages emerge when
we consider quantum machines that can see with quantum
sensors, think with quantum computers, and remember
with quantum memory [58–60,63,98–101]. Such quantum
learning agents signify a paradigm shift beyond tradi-
tional quantum sensing approaches by enabling coherent
processing of quantum information across multiple exper-
imental runs.
Quantum-computing-enhanced sensing. When applied

to sensing classical oscillating fields such as electromag-
netic signals or gravitational waves, quantum agents could
achieve beyond-quadratic polynomial speedups. While
quantum algorithms like Grover search [72] were not
traditionally considered relevant to sensing applications,
recent work [101] demonstrates how quantum computers
can be integrated with quantum sensors in a framework
termed quantum-computing-enhanced sensing to learn
properties of classical fields substantially faster than
quantum sensors controlled by classical computers alone.
Exponential learning advantages. While the aforemen-

tioned advantages are polynomial, one may wonder whether
exponential quantum advantages exist in the learning and
sensing realm. The answer is proven to be affirmative when
quantum learning agents are applied to study many-body
physical systems and dynamics [58–60,63,98–100]. These
quantum agents can learn from exponentially fewer experi-
ments than classical approaches for tasks including predict-
ing physical properties and learning approximate models of
quantum dynamics. The exponential improvement emerges
from the ability to preserve quantum correlations across
multiple experiments that classical approaches must neces-
sarily destroy through intermediate measurements, enabling
quantum learning agents to extract exponentially more
information per experiment than their classical counterparts.
Rather than relying on unproven complexity assump-

tions, quantum advantages in the learning and sensing
realm often emerge from the quantum nature of physical
reality itself. Looking ahead, the most transformative
opportunities may emerge from quantum learning agents
that seamlessly integrate quantum sensors and quantum

computers. Some of these advantages have been proven to
persist under realistic noise [60–63], but the general theory
of fault-tolerant quantum agents remains to be developed.

C. Cryptographic, communication, and strategic
game advantages

In contrast to both computational and learning and
sensing advantages, the cryptographic realm encompasses
quantum advantages that emerge from quantummechanics’
fundamental properties, such as entanglement, no cloning,
and measurement disturbance, applied to security, commu-
nication, and coordination tasks. Unlike computational
advantages that depend on unproven complexity assump-
tions, these advantages derive their power directly from the
mathematical structure of quantum mechanics itself, pro-
viding unconditional security guarantees that remain invio-
lable as long as quantum mechanics remains an accurate
description of our Universe.
Physics-based security. The defining characteristic of

this realm is that quantum mechanics itself provides
security guarantees impossible to achieve classically. The
no-cloning theorem ensures that unknown quantum states
cannot be accurately copied without detection. The meas-
urement postulate guarantees that extracting information
from a quantum system necessarily disturbs it, leaving
unmistakable evidence if someone has been eavesdropping.
Quantum entanglement enables correlations that funda-
mentally surpass classical limitations, as demonstrated by
Bell’s inequality. Together, these principles create a foun-
dation for cryptographic protocols whose security is
guaranteed by the laws of physics.
Quantum encryption and certified randomness. Quan-

tum mechanics enables parties to establish secure commu-
nication channels and verify information authenticity with
guarantees that transcend computational security. Quantum
key distribution exemplifies this revolutionary capability:
The BB84 protocol [102] enables Alice and Bob to
establish a shared cryptographic key via quantum commu-
nication with security guaranteed by the laws of physics.
Any eavesdropper necessarily disturbs the quantum trans-
mission, revealing their presence through detectable
changes in the quantum states. This represents a paradig-
matic shift from classical cryptographic protocols, where
security relies on the assumption that computations that
could break the protocol in principle are too difficult to
execute in practice. Such computational assumptions could
potentially be undermined by future algorithmic break-
throughs or advances in computational power. Certified
randomness generation [103,104] exploits these principles
to create truly random bits that have not previously been
generated prior to the protocol, whose unpredictability is
guaranteed by quantum mechanics. Unlike classical pseu-
dorandom number generators that are fundamentally deter-
ministic, quantum randomness provides bits that cannot be
spoofed by a secret seed or other back door. Furthermore,
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the randomness is guaranteed even if the user does not trust
the inner workings of the quantum device used in the
protocol. Such device-independent randomness certifica-
tion has profound implications for cryptographic applica-
tions requiring secure random bits.
Unforgeability protocols. The no-cloning theorem ena-

bles the creation of objects with inherent copy protection,
opening new classes of applications impossible in classical
physics. Quantum money schemes [105] aim to create
unforgeable currency by using quantum states to encode
serial numbers that can be efficiently verified but cannot be
perfectly duplicated. Certified deletion protocols [106]
enable Alice to send quantum-encrypted data to Bob,
who can later provide cryptographic proof that he has
permanently and verifiably destroyed the information. This
capability is impossible with classical physics, where
information can always be copied before deletion. Copy-
protected software [107] and one-time programs [108]
extend these principles to software distribution, enabling
programs that cannot be duplicated while preserving their
computational functionality. These protocols may revolu-
tionize intellectual property protection, data privacy, regu-
latory compliance, and rights management by making such
violations physically impossible rather than merely legally
prohibited.
Quantum entanglement and strategic games. Quantum

entanglement transcends classical communication limita-
tions through nonlocal correlations that exhibit behaviors
impossible in any local classical theory. As explored in
Puzzle 1, entangled quantum systems demonstrate corre-
lations that cannot be reproduced by any classical mecha-
nism. In strategic scenarios requiring spatially separated
parties to act simultaneously in a coordinated manner,
quantum protocols could provide fundamental advantages
over classical protocols. For example, Ref. [109] has
illustrated how entangled quantum systems shared between
spatially separated stock exchanges can provide co-
ordination advantages in some high-frequency trading
applications, where small time improvements can translate
into significant competitive value.
The cryptographic, communication, and strategic game

realm uses quantum mechanics to provide security guar-
antees that are categorically impossible in the classical
world. Unlike computational advantages that may be
undermined by unexpected algorithmic discoveries, these
advantages are guaranteed by the mathematical structure
of quantum mechanics. As quantum technologies mature,
this realm could revolutionize how we approach security,
privacy, and trust in our interconnected world.

D. Space advantages

The realm of space advantages addresses a fundamental
challenge of our data-driven era: processing data streams
that vastly exceed available memory. While many classical
algorithms require memory proportional to input size,

quantum algorithms can sometimes achieve exponential
space savings by encoding classical information in the
exponentially large Hilbert space of a quantum device.
Quantum compression for data streams. As demon-

strated in Puzzle 3, quantum states can serve as exponen-
tially compressed representations of classical data for
specific computational tasks. While Holevo’s bound [7]
forbids the extraction of an exponential number of classical
bits from a small quantum memory, certain computational
tasks can be performed on the compressed quantum
representation without full data reconstruction. This quan-
tum compression becomes particularly powerful in stream-
ing scenarios where massive data streams must be
processed with limited memory. Classical algorithms must
make irreversible decisions about which information to
retain as each data element arrives. In contrast, quantum
algorithms can maintain superpositions over many possible
configurations simultaneously, effectively postponing these
irreversible decisions until more information becomes
available.
Applications and limitations. Recent work on directed

maximum cut problems [110] demonstrates how quantum
algorithms can solve natural graph problems using expo-
nentially less memory than classical approaches when the
input size vastly exceeds memory capacity. The vector-in-
subspace problem studied by Raz [8] provides another
example: Determining which of two subspaces contains a
given vector requires exponential classical communication
but only linear quantum communication. However, space
advantages face important limitations. They typically apply
only when input size significantly exceeds memory capac-
ity; furthermore, inputting a large amount of data into a
quantum system can be costly, and the computational task
performed must be compatible with Holevo’s bound.
Despite these constraints, space advantages represent a
promising direction as data generation accelerates.
This realm highlights how quantum superposition can

address fundamental resource limitations in data processing
and storage, offering more efficient approaches to existing
computational tasks. While this realm remains the least
explored, it holds significant potential for making previ-
ously infeasible large-scale computations tractable through
exponential memory reductions.

IV. FUTURE OF QUANTUM ADVANTAGE

The past decades have witnessed remarkable progress
in predicting quantum advantages through theoretical
approaches. Using mathematical proofs and complexity-
theoretic arguments, researchers have established quantum
advantages for various computational, sensing, learning,
and communication tasks. Yet this theoretical framework,
while powerful, captures only part of the story. The history
of classical computing offers a cautionary tale: Algorithms
with the strongest provable advantages rarely become
the most useful in practice, and the most transformative

HUANG, CHOI, MCCLEAN, and PRESKILL PHYS. REV. X 16, 030501 (2026)

030501-12



applications of modern computers were often unpredicted
or achieved without rigorous performance guarantees. This
observation suggests we need a broader framework for
identifying and understanding genuine quantum advantages.
Envision a future, perhaps 100 years from now, where

quantum technology has become as ubiquitous as classical
computers are today. A complete quantum technological
infrastructure would enable us to probe the world with
quantum sensors, preserve quantum information in reliable
quantum memories, process quantum data with fault-
tolerant quantum computers, and transmit quantum states
through quantum networks. In this future, the competition
between quantum and classical approaches would shift
from theoretical guarantees to head-to-head empirical
competition, much as classical algorithms compete today
based on practical metrics rather than asymptotic bounds.
How should we expand our framework for understanding
such future quantum advantages?
In this section, we explore three perspectives that we

expect to become increasingly more relevant in the future.
First, we examine how empirical evidence, rather than
theoretical guarantees, might drive the discovery and
validation of quantum advantages. Second, we consider
how quantum approaches could offer conceptual advan-
tages, new ways of thinking about problems that turn out to
be more natural or insightful than classical approaches.
Finally, and most profoundly, we show that some quantum
advantages are fundamentally unpredictable using classical
resources alone, suggesting that the landscape of quantum
advantages may be far richer than we can currently
envision.

A. Empirical quantum advantages

First, we emphasize that empirical performance, rather
than theoretical guarantees, will likely drive the adoption of
quantum methods in practice. Key metrics will include
empirical run-time, cost of implementation, and total time
to solution. This shift mirrors the evolution of classical
computing, where widely used algorithms often differ from
those with the strongest asymptotic guarantees. When
focusing on run-time, empirical advantages can manifest
in multiple ways. The most straightforward are constant-
factor improvements on practical problem instances; these
may not grab the attention of theorists but may be very
important to users. It is also notable that the classical
algorithms achieving the best asymptotic scaling might not
be the most practically useful due to prohibitively large
constant factors. Multiplication of n × n matrices provides
a classic example. Although theoretically superior algo-
rithms exist with better asymptotic complexity, the simple
algorithm with Oðn3Þ steps remains standard in practice
due to its smaller constants and cache efficiency.
Quantum advantage may also emerge from faster total

time to solution starting from the problem or concept going
all the way to the solution, which we term “concept to

solution.” Concept to solution includes not only the
algorithm’s run-time, but the entire process from problem
formulation to working solution. This encompasses the
human time spent designing experimental protocols, imple-
menting algorithms, and iteratively refining them. A
practical quantum advantage might occur if quantum
technology enables faster overall solution time, even if it
turns out that classical algorithms with similar run-time
exist but are not discovered until much later.
Example 14 (Quantum advantage in concept to solu-

tion). Consider a scenario where designing a quantum
algorithm for a new computational problem takes an hour
and the quantum computation itself solves the problem in
about one second. Even if a talented computer scientist
could eventually discover a classical algorithm with a one-
second classical computational time, if that discovery
requires a year of dedicated research, the quantum
approach still offers a significant advantage in concept
to solution: an hour versus a year. This form of advantage,
where quantum methods provide a more direct path to
efficient solutions, may prove particularly valuable as
quantum technology matures.
Empirical quantum advantage may also arise from

generality. A single general-purpose quantum algorithm
is often immediately applicable to an entire class of
systems, whereas classical approaches typically require
bespoke algorithms that must be individually designed,
implemented, and tuned for each instance. Even when an
efficient classical algorithm exists for every system in the
class, discovering and deploying it demands time and
expertise that must be reinvested for each new instance.
A user who needs solutions across many systems may
therefore find the general-purpose quantum approach to
offer a significant overall advantage, even if it is not
asymptotically better for any single instance. Quantum
simulation offers a vivid illustration of this point: A natural
classical competitor is simply building a physical experi-
ment in the laboratory to study the system of interest. While
such an experiment is in some sense “constant time” per
system, it cannot be reprogrammed to simulate a different
system the way a quantum computer can. This programm-
ability and generalizability across a broad class of systems
may thus be a key source of practical value that pure run-
time comparisons fail to capture.
Large-scale quantum computing might also reveal new

empirical benefits that transcend theoretical guarantees.
Modern machine learning offers a preview of such pos-
sibilities. Large language models have demonstrated capa-
bilities far beyond theoretical predictions. Similarly, as
quantum systems scale up in size and architectural com-
plexity, they may exhibit unexpected emergent behaviors
that, while difficult to characterize theoretically, provide
transformative practical advantages.
Such empirical quantum advantages represent a signifi-

cant departure from how we typically evaluate quantum
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technology today. Rather than focusing solely on asymp-
totic complexity and provable speedups, we envision a
future where quantum methods might be preferred for their
practical benefits: faster solution development, greater
generality across problem classes, simpler implementation,
or emergent capabilities that arise from scale. While such
advantages may be harder to prove rigorously, they could
ultimately drive the widespread adoption of quantum
technology.

B. Conceptual quantum advantages

Second, we highlight the value of looking beyond
physical resources like time, space, cost, and energy to
consider broader forms of advantage. Modern philosophy
of science recognizes that empirically equivalent theories
can differ dramatically in their conceptual value. The
heliocentric model of the Solar System, while making
essentially identical predictions to certain geocentric mod-
els, provided a simpler framework that transformed our
understanding of the cosmos and catalyzed new scientific
directions.
We propose that quantum technology might offer similar

conceptual advantages. Consider two solutions to a prob-
lem, one classical, one quantum, with similar resource
requirements. Even if they offer comparable performance,
the quantum solution might be conceptually simpler,
providing a more natural framework for understanding the
problem. This conceptual clarity could manifest in multiple
ways: easier reasoning about correctness, more straightfor-
ward integration with other components, or more natural
extensions to related problems.
The value of such conceptual advantages extends beyond

mere aesthetic preference. Simpler conceptual frameworks
often reflect deeper underlying structure, potentially lead-
ing researchers to new theoretical insights and technologi-
cal directions. Just as quantum mechanics itself provided
new ways of understanding physical phenomena, quantum
approaches to practical problems might offer new perspec-
tives that catalyze further advances. While such advantages
might seem secondary in today’s resource-constrained
quantum era, they could become crucial in a future with
ubiquitous quantum technology, forming cornerstones for
new theoretical and technological developments.

C. Unpredictable quantum advantages

Our third and most profound perspective challenges a
core assumption of our current framework: that we can
predict quantum advantages using classical resources
and mathematical reasoning. We prove that this assump-
tion fails even for well-defined computational problems,
revealing fundamental limits to our ability to identify
quantum advantages using classical approaches alone.
This result illustrates concretely the more general principle
that some emergent quantum advantages may be quite
unexpected when they are discovered.

To establish this limitation rigorously, we consider a
concrete computational problem regarding whether a
specified computational task admits a quantum advantage
or not. This problem is inspired by the field of metacom-
plexity, the study of the complexity of computational
problems which address questions about complexity theory
itself [111,112]. Earlier, we discussed how Pauli propaga-
tion provides an efficient classical method for simulating
most quantum circuits, though large families of circuits
remain classically intractable. This naturally leads us to
ask, given a specific quantum circuit, can we determine
whether executing it on a quantum computer would out-
perform this classical simulation method?
Theorem 1 (Classical hardness in predicting quantum

advantages, informal). Consider the decision problem of
predicting whether executing a particular quantum circuit
on a quantum computer has a computational advantage
over the Pauli propagation classical simulation method on
that same circuit. Assuming BPP ≠ BQP, this decision
problem exhibits a quantum advantage: While a quantum
computer can efficiently solve this problem, no classical
algorithm can solve it efficiently.
This theorem reveals a profound circularity in our quest

for quantum advantages: The very act of predicting
quantum advantages is itself a problem requiring quantum
computation. Since Pauli propagation represents only one
classical simulation method, predicting quantum advantage
against any classical method, including those not yet
conceived, is even more challenging. The proof, provided
in Appendix D, shows that any classical algorithm that
can determine efficiently whether or not running a given
quantum circuit on a quantum computer has a quan-
tum advantage over a classical heuristic can be adapted
to create a classical algorithm that is able to efficiently solve
any problem in BQP. Thus, detecting quantum advan-
tage is classically hard, assuming that BPP ≠ BQP.
Furthermore, determining whether executing a quantum
circuit exhibits quantum advantage is quantumly easy; it
suffices to run both the quantum circuit and the classical
heuristic on a polynomial number of randomly chosen
instances and then check whether or not the results
typically agree.
This establishes a fundamental barrier: Classical tech-

nology cannot reliably distinguish genuine quantum advan-
tages from pseudoadvantages, confirming that quantum
advantages exist beyond the predictive power of classical
computers. This leads us to a profound implication:

There are plenty of problems with genuine
quantum advantages such that we cannot predict
the advantage using only classical technology.

Paradoxically, to fully map out the landscape of quantum
advantages, we must use the very quantum technologies
whose power we are trying to characterize.
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This unpredictability extends beyond computational
problems to the frontiers of scientific discovery. Quan-
tum technologies are already kindling new insights into the
behavior of highly entangled quantum many-body systems;
recent examples include quantum many-body scars and
deep thermalization [113–116]. What marvelous phenom-
ena are yet to be found? We cannot possibly know if our
classical technologies are intrinsically incapable of predict-
ing the phenomena. Thus a rich panoply of surprises may
be unveiled as we probe the physical universe with ever
more advanced quantum devices.

D. Path forward

We look forward to a future where a broad spectrum
of quantum advantages come to light: some empirically
discovered, others conceptually transformative, and many
fundamentally unpredictable using current technology. Just
as the most impactful applications of classical computers
were unimaginable to their early pioneers, the true potential
of quantum technology might only reveal itself through a
journey of development and discovery.
We are not in that future yet. Today’s quantum technol-

ogy is limited, and mathematical analysis provides our best
guide for identifying genuine quantum advantages. While
mathematical rigor will always be essential, we have
argued that theoretical analysis alone cannot capture the
full landscape of potential quantum advantages awaiting
discovery. For now, we face the challenge of developing
new ideas and methods to navigate the vast world of
quantum advantage, guided by, but not confined to, what is
mathematically provable.
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APPENDIX A: SOLUTIONS TO PUZZLES

1. Puzzle 1: Is this spooky?

Let us analyze this puzzle in two steps: first considering
measurements in a single basis, then examining what
changes when we allow measurements in multiple bases.
First scenario: Single-basis measurements. When Alice

and Bob measure only in the standard basis fj↑i; j↓ig, their
quantum state,

1ffiffiffi
2

p ðj↑i ⊗ j↑i − j↓i ⊗ j↓iÞ; ðA1Þ

produces perfectly correlated outcomes. This correlation
appears mysterious. When Alice measures her spin and
obtains j↑i, Bob’s spin instantly collapses to j↑i, and
similarly for j↓i. However, this behavior can be perfectly
simulated using classical objects. Consider the following
classical protocol.
(1) Take a pair of socks that are either both black or both

white with equal probability.
(2) Place each sock in an opaque gift box.
(3) Give one box to Alice and one to Bob.
(4) Let them separate to arbitrary distances.

When Alice and Bob open their boxes, they see perfectly
correlated colors instantaneously. The classical protocol
exactly reproduces the quantum statistics: Each party sees a
random outcome (up-down or black-white) with 50-50
probability, and the outcomes are always perfectly
correlated.
Second scenario: Multiple-basis measurements. The

situation changes dramatically when Alice and Bob can
each randomly choose between measuring in the standard
basis j↑i; j↓i or the rotated basis j↗i; j↙i. Now they
observe correlations that cannot be reproduced by any
classical system. While the measurement procedures them-
selves are quantum, the remarkable feature is that the
resulting statistical patterns in their classical outcomes,
i.e., the sequences of bits they record, exhibit correlations
that no classical mechanism can generate. The classical
impossibility was first proven by Bell [1] and has been
experimentally verified multiple times [117,118]. The
correlations exhibited by quantum entanglement in multi-
ple measurement bases violate Bell’s inequality, providing
rigorous proof that quantum systems can achieve statistical
correlations among classical outcomes that are forbidden
to any classical theory. This elucidates a genuine quantum
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advantage. We refer readers interested in a detailed peda-
gogical treatment of Bell’s inequality and its implications to
Chap. 4 of Ref. [119].

2. Puzzle 2: Exponential quantum advantage
in analyzing big data?

The solution to Puzzle 2 reveals how classical techniques
can match quantum computation for this specific task. The
key insight is that Bob’s classical RAM can be enhanced to
provide two crucial capabilities, each taking only polyðnÞ
time:
(1) Query: Given any indices k and i, output the

value xk;i.
(2) Sample: Given index k, sample i with probabil-

ity pkðiÞ ¼ jxk;ij2.
The construction of efficient sampling access from standard
RAM is a well-known technique in randomized algorithms
[120,121]. The goal is to sample from a discrete probability
distribution where outcome i has probability pkðiÞ ¼
jxk;ij2. The naive approach would require Oð2nÞ time per
sample by iterating through all entries, but preprocessing
enables much faster sampling.
For each vector x⃗k, we first compute the cumulative

distribution function:

FkðjÞ ¼
Xj

i¼1

jxk;ij2: ðA2Þ

Since x⃗k is normalized, we have Fkð2nÞ ¼ 1. We then store
these cumulative probabilities in a binary tree data structure
where each leaf corresponds to an index i∈ f1; 2;…; 2ng,
and each internal node stores the sum of probabilities in its
subtree. To sample from this distribution, we generate a
uniform random number r∈ ½0; 1� and use binary search to
find the unique index i such that Fkði − 1Þ < r ≤ FkðiÞ.
The binary tree structure allows us to traverse from the root
to the appropriate leaf in Oðlog 2nÞ ¼ OðnÞ time: At each
internal node, we compare r with the left subtree’s total
probability and branch left or right accordingly. This
preprocessing requires Oð2nÞ time per vector to compute
all cumulative probabilities and construct the tree, similar to
the overhead required by QRAM. Once completed, this
approach enables OðnÞ time sampling, making the sam-
pling step efficient.
Using these capabilities, Bob can employ importance

sampling to estimate the inner product efficiently. The key
idea is to define a random variable Xk;l as follows: First,
sample i according to probability pkðiÞ, then let Xk;l ¼
ðxl;i=xk;iÞ. A straightforward calculation shows that

E½Xk;l� ¼
X2n
i¼1

pkðiÞ ·
xl;i
xk;i

¼
X2n
i¼1

jxk;ij2 ·
xl;i
xk;i

¼ x⃗k · x⃗l;

ðA3Þ

Var½Xk;l� ¼
X2n
i¼1

pkðiÞ ·
�
xl;i
xk;i

�
2

− ðE½Xk;l�Þ2 ≤ 1: ðA4Þ

The bounded variance is crucial: It means Bob can estimate
the inner product to precision 1=polyðnÞ by averaging
polyðnÞ independent samples of Xk;l. This classical ran-
domized algorithm matches the performance of the quan-
tum algorithm exactly.
This solution exemplifies a broader pattern in quan-

tum algorithm analysis. Similar classical techniques have
appeared across different fields, including neural quantum
states [78], distributed computing for inner product esti-
mation [122], randomized linear algebra [123], and the
dequantization of quantum algorithms [5]. These examples
demonstrate how classical probabilistic techniques can
sometimes achieve the same performance as quantum
algorithms when operating under comparable data-access
assumptions.
It is worth noting that the picture changes if we consider

a different communication model. Suppose Alice and Bob
do not communicate directly with each other, but instead
each sends a message to a referee whose task is to compute
the inner product x⃗k · x⃗l. Since any protocol for inner
product estimation can be used to solve equality testing, the
Θð2n=2Þ classical lower bound for equality testing estab-
lished by Buhrman et al. [124] carries over: Any classical
protocol requires Ωð2n=2Þ bits of communication, whereas
quantum fingerprints of onlyOðnÞ qubits suffice. However,
this quantum advantage disappears once Alice and Bob are
permitted to share a random key, in which case classical
protocols of constant communication cost suffice. This
further illustrates how the presence or absence of a quantum
advantage can depend sensitively on the precise commu-
nication model and available resources.

3. Puzzle 3: Can quantum systems encode exponential
classical information?

The answer to this puzzle is a nuanced “yes,” that reveals
a subtle but powerful form of quantum advantage. The
apparent conflict between exponential encoding and
Holevo’s bound is resolved by understanding that the
usefulness of an encoding depends entirely on the task
for which the information is used. Holevo’s bound [7] states
that it is impossible for Bob to learn all 2n classical values
xi from the following n-qubit state:

jxi ¼
X2n
i¼1

xijii: ðA5Þ

Any quantum measurement strategy he employs can
reveal at most OðnÞ bits of classical information about
the 2n-dimensional vector x⃗. If Alice’s goal were to transmit
the entire classical vector to Bob, then quantum state
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encoding offers no asymptotic advantage over sending n
classical bits.
However, the story changes if Bob’s goal is not to

reconstruct the entire vector, but to perform a specific
computation on it. For some computational tasks, the
quantum state encoding provides a genuine, exponential
advantage in communication. A landmark result by Raz [8]
established this rigorously. He defined a relational problem
where Alice is given a unit vector v∈R2n and Bob is given
one of two possible subspaces, P0 or P1, each of dimension
2n=2. The vector v is promised to lie in one of these two
subspaces, and their task is to determine which one. Raz
proved that any classical communication protocol for this
problem requires exchanging at least Ωð2n=2Þ bits. In
contrast, a quantum protocol can solve the problem with
exponentially less communication: Alice simply encodes
her vector into an n-qubit state jvi and sends it to Bob, who
can then perform a measurement to identify the correct
subspace. This establishes an exponential separation
between the OðnÞ quantum communication complexity
and the Ωð2n=2Þ classical communication complexity for
this particular task.
This example demonstrates that for certain problems, the

quantum state jxi acts as an exponentially compressed
quantum representation of the classical data. While this
compressed encoding does not allow full reconstruction of
the original data, it contains enough information to answer
specific questions about it exponentially more efficiently
than any classical representation of similar size. Therefore,
Alice’s quantum compression scheme is not an illusion. It
provides a genuine quantum advantage, but this advantage
is in communication complexity for specific relational
problems, not in general-purpose data transmission. This
principle has found applications in quantum machine
learning, for example, in protocols for learning quadratic
functions of large datasets, where quantum communication
can be exponentially more efficient than classical commu-
nication [11]. Alice and Bob did indeed gain an advantage,
provided their future data processing tasks are of the
right kind.

APPENDIX B: FRAGILITY OF QUANTUM
ADVANTAGE IN NOISY SENSING

Here we illustrate the claims in Example 11 in a simple
model of quantum sensing. We will explain how entangle-
ment can be exploited to improve sensitivity in the noise-
less case and prove that this sensitivity enhancement does
not survive in the presence of noise.

1. Entanglement-enhanced sensitivity

In the noiseless version of this model, our task is to
distinguish between two single-qubit unitary channels. Cθ
rotates the qubit about the Z axis by the positive angle θ,
and C0 acts trivially:

Cθ½ρ� ¼ e−iðθ=2ÞZρeiðθ=2ÞZ and C0½ρ� ¼ ρ: ðB1Þ

The rotation angle θ is the strength of the signal we wish to
detect. Our goal is to detect the signal as quickly as
possible, that is, to distinguish between the two cases
using as few resources as possible. Wewill measure sensing
efficiency in terms of the sensing time T, defined as the
wall-clock time required to complete the protocol assuming
one channel use takes one unit of time. Alternatively, we
may fix the sensing time T and seek the smallest signal
strength θ that can be distinguished from zero. This
minimal detectable signal strength is called the sensitivity.
We are most interested in the regime 0 < θ ≪ 1, which will
be assumed below.
When only a single sensing qubit is available, the

optimal sensing protocol is well understood: Prepare the
qubit in a superposition state jþi ¼ ð1= ffiffiffi

2
p Þðj0i þ j1iÞ,

apply the channel T ≈ π=θ times sequentially, and measure
the qubit in the X basis. Under C0, the qubit remains in the
initial state, and the measurement yields jþi determinis-
tically. Under Cθ, the qubit rotates by the total angle Tθ ≈ π,
and the measurement produces j−i with high probability,
enabling us to distinguish the two cases. This procedure can
be repeated a few times to amplify our confidence. Thus,
one can resolve a small angle θ within a sensing time
of T ¼ Oð1=θÞ.
This analysis directly generalizes to N sensing qubits

working in parallel. We now consider the channel C⊗N
x with

x ¼ 0 or θ, which applies the single-qubit channel Cx to all
N qubits simultaneously. In this case, one can readily
shorten the sensing time to T ¼ O½1=ð ffiffiffiffi

N
p

θÞ� by perform-
ing N copies of the single-particle protocol in parallel.
Here, T represents the number of times the parallel channel
C⊗N
x is applied, which equals the wall-clock time since allN

qubits are processed simultaneously in each time step.
More explicitly, each particle is prepared in the jþi state,
the channel C⊗N

x is applied T ¼ ⌈π=ð ffiffiffiffi
N

p
θÞ⌉ times, and

then all qubits are measured. Recall that T, the number of
(parallel) channel uses, is an integer; we are implicitly
considering the case where

ffiffiffiffi
N

p
θ ≪ 1. The measurement of

each particle yields j−i with probability Ωð1=NÞ when
x ¼ θ. Since a single j−i outcome heralds the presence of
the signal, the two channels can be distinguished with high
confidence after a constant number of repetitions. Thus,
this protocol achieves a sensitivity scaling as

θ−1 ¼ Oð
ffiffiffiffi
N

p
TÞ; ðB2Þ

which one can show is optimal for any protocol that does
not use entangled states.
Using entangled quantum states, the sensing time

can be further improved to T ¼ O½1=ðNθÞ�, where we
now assume Nθ ≪ 1. Consider the GHZ state jGHZ;þi ¼
ðj0i⊗N þ j1i⊗NÞ= ffiffiffi

2
p

evolved under the parallel channel
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C⊗N
θ repeated T ¼ ⌈π=ðNθÞ⌉ times. The resulting state has

a large overlap with jGHZ;−i, which is orthogonal to the
initial state. Thus, by performing measurements in the
fjGHZ;�ig basis, one can distinguish the two channels
within time T ¼ O½1=ðNθÞ�. The reduction in sensing
time by the factor

ffiffiffiffi
N

p
translates to an improved sensitivity

arising from the multipartite entanglement in the GHZ
state:

θ−1 ¼ OðNTÞ: ðB3Þ

One can show that this is the optimal sensitivity scaling
using N sensing qubits. This entanglement-enhanced sen-
sitivity is an example of quantum sensing advantage.

2. Fragility of entanglement-enhanced sensitivity
in noisy sensors

We now consider a simple model of noisy quantum
sensing. In realistic settings, noise arises from a variety
of physical sources such as thermal fluctuations in the
environment, imperfections in laser beams or microwave
control pulses, and intrinsic physical properties of atoms or
molecules. In our simplified model, sensing qubits are
subject to rotation by an angle θ þ θn, where θ is the signal
to be detected and θn represents noise. The signal strength θ
is assumed to be small and has the same value every time Cθ
is applied. The noise θn afflicts both Cθ and C0 and is
randomly fluctuating. We assume that θn is drawn inde-
pendently from a Gaussian distribution with mean zero and
variance γ each time either channel is applied. Our task is to
determine whether θ ¼ 0 or not.
More explicitly, we need to distinguish between two

channels:

C̃θ ≡ Eθn ½Cθþθn � ¼ ½ð1 − pÞI þ pD� ∘ Cθ; ðB4Þ

C̃0 ≡ Eθn ½Cθn � ¼ ½ð1 − pÞI þ pD� ∘ C0; ðB5Þ

where p ¼ 1 − e−γ=2 is the probability that the qubit
dephases, I is the identity channel I ½ρ� ¼ ρ, and D½ρ� ¼
j0ih0jρj0ih0j þ j1ih1jρj1ih1j is the completely dephasing
channel in the Z basis. In other words, the density
operator’s diagonal elements in the Z basis are unaffected
by the Gaussian dephasing noise, while off-diagonal
elements are suppressed by the factor e−γ=2. We are
especially interested in the high-sensitivity regime
where θ ≪ γ.
For this noisy quantum sensing model, a lower bound on

the sensing time is captured by the following theorem.
Theorem 2 (Noisy small-angle detection). Any quantum

algorithm that correctly distinguishes two quantum chan-
nels C̃⊗N

0 and C̃⊗N
θ with probability > 2=3 must query the

channel at least T times, where

NT ¼ Ω
�
max

�
γ

θ2
;
1

θ

��
: ðB6Þ

We note that quantum algorithms may involve arbitrarily
many and arbitrarily fast gate operations as well as an
unlimited number of ancilla qubits and unbounded memory
coherence times.
Theorem 2 implies that for any small constant noise

strength γ, the sensing time T scales inverse quadratically
in the signal strength θ. Thus, for any constant γ, the
asymptotic sensitivity scales as

θ−1 ¼ Oð
ffiffiffiffiffiffiffi
NT

p
Þ: ðB7Þ

Importantly, this optimal sensitivity scaling can be attained
by a simple, fully separable protocol that requires no entan-
glement, demonstrating that entanglement does not offer an
asymptotic sensitivity advantage in this noisy quantum
sensing model. Intuitively, dephasing noise destroys the
phase coherences that enable entangled states like GHZ to
accumulate phase collectively, eliminating the quantum
advantage observed in the noiseless case.
The simple, fully separable protocol works as follows.

We focus on the regime θ; γ ≪ 1 and θ ≪ γ to simplify our
analysis. Each sensing qubit is initialized in the jþi state,
undergoes evolution under the channel ⌈1=γ⌉ times, and is
then measured in the Y basis, yielding one of two out-
comes: j� ii ¼ ð1= ffiffiffi

2
p Þðj0i � ij1iÞ. This procedure is

repeated K times for N qubits in parallel, producing a
total of KN measurement outcomes within sensing time
T ¼ K⌈1=γ⌉. Finally, one counts the fraction of jþ ii
outcomes, f̂, among all measurements.
In the absence of the signal, both outcomes j� ii

occur with exactly the same probabilities; hence the
probability distribution of f̂ is centered around 1

2
with

variance 1=4KN. In the presence of the signal, the
measurement yields j� ii with probabilities 1

2
� ϵ with

positive bias ϵ ¼ sinðθ⌈1=γ⌉Þe−γ⌈1=γ⌉=2=2, and the distri-
bution of f̂ is centered around 1

2
þ ϵ with variance

1 − 4ϵ2=4KN. Therefore, by checking whether f̂ is
larger than a threshold 1

2
þ ðϵ=2Þ, one can distinguish the

two cases. The failure probability can be bounded
using Chebyshev’s inequality and becomes small when-
ever the standard deviation is sufficiently small compared
to the bias: ϵ ≫ ð1= ffiffiffiffiffiffiffiffiffiffi

4KN
p Þ, which implies NT ¼

Oðeγ⌈1=γ⌉=⌈1=γ⌉=θ2Þ is sufficient. This matches the optimal
sensitivity scaling for any fixed constant γ.
We now proceed to the proof of Theorem 2.
Proof. We prove two lower bounds separately:

(i) NT ¼ Ωðγ=θ2Þ and (ii) NT ¼ Ωð1=θÞ. The second
bound follows directly from the noiseless case. This can
be shown by noting that access to noiseless channels is at
least as powerful as access to noisy channels because the
latter can be simulated from the former by artificially
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adding dephasing channel after the noiseless channel. As a
result, the sensing time for the noisy case cannot be shorter
than the noiseless case, which requires NT ¼ Ωð1=θÞ.
To prove the first bound, we employ a reduction to

classical hypothesis testing. We introduce a hypothetical
agent called Demigod, who is at least as powerful as any
quantum agent capable of running arbitrary quantum
algorithms. We show that even the powerful Demigod
requiresNT ¼ Ωðγ=θ2Þ channel uses to distinguish the two
channels. Thus, quantum agents, who are no more powerful
than Demigod, require at least as many channel uses as
Demigod to perform the distinguishing task.
We define the hypothetical agent Demigod to have the

following enhanced capabilities.
(i) Unlimited computational power: Demigod can per-

form arbitrary classical or quantum computations
instantaneously and with unlimited memory.

(ii) Direct observation of rotation angles: While quan-
tum agents are given the ability to apply noisy
quantum channels to quantum states, Demigod
directly observes the noisy rotation angles, which
are either θn or θ þ θn for signal θ and noise θn.

More precisely, when the unknown channel is C̃⊗N
θ ,

each query provides Demigod with N real numbers
fθ þ θn;1; θ þ θn;2;…; θ þ θn;Ng, where each θn;i is inde-
pendently drawn from N ð0; γÞ with mean zero and
variance γ. When the unknown channel is C̃⊗N

0 , she receives
the list fθn;1; θn;2;…; θn;Ng.
Since Demigod can query the rotation angles, she can

perfectly simulate any quantum agent. To simulate a query
to the noisy quantum channel C̃⊗N

θ or C̃⊗N
0 made by the

quantum agent, she uses her enhanced ability to directly
observe the list of rotation angles and rotates each of her N
sensing qubits about the Z axis by the corresponding
observed angle. Because of her unlimited computa-
tional power, she can also simulate any quantum compu-
tation performed by the quantum agent. Thus, she can
perfectly simulate any quantum agent regardless of the
quantum state preparation, evolution, channel query, or
measurement strategy employed by the original quantum
algorithm. Therefore, Demigod is at least as powerful as
any quantum agent who tries to distinguish the two noisy
channels.
After T queries to the parallel channel, Demigod has

collected NT rotation angles, each angle is independently
and identically drawn from either P ¼ N ð0; γÞ or Q ¼
N ðθ; γÞ depending on whether the noisy channel is C̃0 or
C̃θ, respectively. For Demigod, the channel distinguishing
problem reduces to the classical statistical problem of
distinguishing between these two Gaussian distributions.
The fundamental limit for this classical hypothesis testing
problem is well established in information theory.
To distinguish between P and Q with constant success
probability, the number of samples must satisfy

Number of samples ¼ Ω
�

1

DKLðPkQÞ
�
; ðB8Þ

where DKLðPkQÞ is the Kullback-Leibler divergence. For
Gaussian distributions:

DKL½N ð0; γÞkN ðθ; γÞ� ¼ θ2

2γ
: ðB9Þ

Therefore, even Demigod requires at least Ωðγ=θ2Þ sam-
ples, establishing NT ¼ Ωðγ=θ2Þ. This lower bound on the
number of samples applies no matter how much classical or
quantum computing power Demigod applies to her task.
Taking the maximum of both bounds yields NT ¼
Ωfmax½ðγ=θ2Þ; ð1=θÞ�g. Thus, we obtain the desired lower
bound on NT, completing the proof of Theorem 2. ▪

APPENDIX C: CLASSICAL HEURISTIC FOR
SIMULATING QUANTUM CIRCUITS

1. Overview and context

The low-weight Pauli propagation algorithm [35–43]
provides a powerful classical heuristic for simulating
quantum circuits. The key idea is to truncate high-weight
Pauli terms during the simulation, maintaining only the
most important contributions. Consider a quantum circuit
with L layers:

U ¼ ULUL−1 � � �U1: ðC1Þ

Our goal is to approximate expectation values of the form:

fUðOÞ ¼ tr½UρU†O�; ðC2Þ

where ρ is an input state and O is an observable.

2. Algorithm description

The low-weight Pauli propagation algorithm proceeds in
the Heisenberg picture, where the observable is evolved
backward through the circuit.
(1) We begin by initializing the operator OL as the

projection of the observable O onto the subspace of
Pauli operators with weight at most k. Here, the
weight of a Pauli operator is the number of non-
identity terms it contains.

(2) Working backward from j ¼ L down to 1, we
iteratively apply the following two steps:
(a) Evolve the operator through the jth layer:

O0
j−1 ¼ U†

jOjUj.
(b) Project the result back onto the low-weight Pauli

basis to get the new operator:
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Oj−1 ¼
X

P∈ fI;X;Y;Zg⊗n

jPj≤k

tr½O0
j−1P�
2n

P: ðC3Þ

(3) The final estimate for the expectation value is
computed using the fully evolved and truncated
operator O0 and the initial state ρ:

Estimate ¼ tr½O0ρ�: ðC4Þ

The larger k is, the more accurate the low-weight Pauli
propagation algorithm is. In practice, one can typically
consider k to be a small constant. Even k ¼ 1 can perform
quite well in many cases. This completes the full descrip-
tion of the low-weight Pauli propagation algorithm.

3. Theoretical guarantees

When each circuit layer Uj is drawn from a locally
scrambling distribution [125–129], which corresponds to a
probability distribution that remains invariant under single-
qubit Clifford rotations, Ref. [42] has established the
following theorem to provide a rigorous guarantee for
the low-weight Pauli propagation algorithm. Intuitively, the
locally scrambling property means each layer is generic on
a local scale and mixes the local basis.
Theorem 3 (Time complexity). Let U be sampled from an

L-layered locally scrambling circuit ensemble on n qubits.
For any error tolerance ϵ and failure probability δ, there
exists a classical algorithm with run-time LnO½logðϵ−1δ−1Þ�
that outputs an estimate α satisfying

jα − fUðOÞj ≤ ϵkOkPauli;2; ðC5Þ

with probability at least 1 − δ. kOkPauli;2 ¼
ð2−ntr½O†O�Þ1=2 is the normalized Hilbert-Schmidt norm.
This theorem establishes three key properties of the

algorithm:
(1) The run-time is polynomial in system size n and

circuit depth L for any small constant ϵ, δ.
(2) The accuracy parameters ϵ and δ appear only

logarithmically in the exponent.
(3) The error scales naturally with the observable’s

normalized Hilbert-Schmidt norm.

4. Applicability and scope

This theoretical result encompasses various quantum
circuit architectures. For the computational complexity
bounds to hold, we require that for any Pauli operator P
of weight k, its Heisenberg evolution U†

jPUj contains at

most nOðkÞ distinct Pauli terms and can be computed
classically in time nOðkÞ. Intuitively, this condition ensures
each circuit layer Uj remains reasonably shallow. The
analysis applies to several important classes of quantum
circuits:

(1) Brickwork circuits of SU(4) gates in 1D, 2D, and
3D [130–132].

(2) Circuits with universal single-qubit rotations fol-
lowed by entangling Clifford gates [133].

(3) Quantum convolutional neural networks without
feedforward [134].

Despite this broad applicability, the fundamental limita-
tions of this approach warrant careful consideration. The
low-weight Pauli propagation method remains inherently a
classical heuristic. Its theoretical guarantees extend only to
most quantum circuits where each layer is drawn from a
locally scrambling distribution, rather than to arbitrary
quantum circuits.
When presented with a specific quantum circuit of

interest, determining whether this classical heuristic will
yield accurate simulation results is a nontrivial challenge.
This uncertainty points to a fundamental insight: As we
demonstrate in the next section, the very task of determin-
ing whether a given quantum circuit exhibits an advantage
over this classical heuristic constitutes a problem that itself
admits a quantum advantage.

APPENDIX D: CLASSICAL HARDNESS IN
PREDICTING QUANTUM ADVANTAGES

There are many classical heuristics for simulating
quantum circuits and quantum algorithms. Some families
of quantum circuits can be efficiently simulated using
classical methods, nullifying any potential quantum ad-
vantage. However, the task of determining whether a given
problem exhibits a quantum advantage can itself have a
quantum advantage. Hence, even if a quantum circuit is
classically simulatable using a specific classical heuristic,
we might still need a quantum computer to determine or
verify that the classical heuristic can indeed simulate the
quantum circuit accurately.
Definition 6 (A classical heuristic for simulating quan-

tum circuits). A classical algorithm A is called a classical
heuristic for simulating a class of polynomial-size quantum
circuits if:
(1) It runs in classical polynomial time.
(2) It correctly approximates the output probabilityCðxÞ

for a subclass of polynomial-size quantum circuits
C, but it is known to fail, or is not proven to succeed,
for some circuits in this class and generally the set of
circuits for which it fails is unknown.

The algorithm is considered a heuristic because there is a
gap between its practical performance on many instances
and the lack of a guarantee for universal correctness within
its target problem class.
A powerful example is the low-weight Pauli propagation

heuristic, LOWWEIGHTPAULIPROP, discussed in Appendix C.
It is known to be effective for most circuits in a measure-
theoretic sense (a large subclass) but is also known to fail
for others, fitting our definition perfectly. Given that a
classical heuristic may succeed for some circuits and fail
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for others, we need a precise, quantitative way to distin-
guish these cases. We formalize this by defining what it
means for a quantum circuit to have a “computational
advantage” over a classical heuristic. This occurs when the
classical heuristic fails to provide a good approximation for
a significant fraction of possible inputs.
Definition 7 (Quantum advantage over a classical

heuristic). We say a quantum computer executing a
quantum circuit C exhibits a computational advantage over
a classical heuristic A if

jACðxÞ − CðxÞj ≥ 1=3; ðD1Þ

for at least a 2=3 fraction of the inputs x∈ f0; 1gn.
Conversely, we say it has no advantage if jACðxÞ −
CðxÞj < 1=3 for at least a 2=3 fraction of inputs.
The specific constants 1=3 and 2=3 are chosen by

convention, following standard practice in computational
complexity theory to create a mathematically convenient
definition. The threshold of 1=3 for the error ensures that
a heuristic’s prediction is significantly wrong, not just
slightly inaccurate. The requirement that this occurs for a
2=3 fraction of inputs establishes that the failure is typical
for the circuit, not a rare exception. Together, these values
create a large, constant-sized gap between the “advantage”
case, where the heuristic is wrong for a clear majority of
inputs, and the “no advantage” case, where it is right for a
clear majority.
In the following, we prove that deciding if a given

quantum circuit yields a computational advantage over a
classical heuristic is itself a problem with a quantum
advantage, under the widely believed conjecture that there
exist some quantum computations that are classically hard.
For simplicity, we focus on LOWWEIGHTPAULIPROP with

k ¼ 1. The statement holds for k > 1 using a similar proof.
Theorem 4 (Quantum advantage in detecting quantum

advantage). Consider the following computational problem
for detecting quantum advantage in a given quantum
circuit:

DETECTINGQUANTUMADVANTAGE

Input: A description of a quantum circuit C
Promise: A quantum computer executing C either
exhibits a computational advantage over LOWWEIGHT-

PAULIPROP or it does not (as defined above).

Output∶
�
1; if C exhibits a quantum advantage
0; if C does not exhibit a quantum advantage

This problem can be solved efficiently on a quantum
computer (it is in BQP) but is intractable for any classical
algorithm (it is not in BPP), assuming BPP ≠ BQP.
Proof.We divide the proof into two parts: one focused on

showing that the problem is quantumly easy, and the
second one focused on showing that the problem is
classically hard.

The problem is in BQP (Quantumly easy). A quantum
algorithm can solve DETECTINGQUANTUMADVANTAGE

efficiently.
(1) Given the circuit description C, choose a set of

s ¼ Oð1Þ random input strings fx1;…; xsg.
(2) For each xi for i ¼ 1;…; s:

(a) Compute the heuristic’s prediction ACðxiÞ using
the classical LOWWEIGHTPAULIPROP algorithm as
described in Appendix C.

(b) Estimate the true probability CðxiÞ on a quantum
computer. This is done by preparing the state
Cðjxiij0miÞ and measuring the first qubit. Re-
peating this a polynomial number of times yields
an estimate of CðxiÞ to within a small error δ ≪
1=3 with high probability.

(3) For each xi for i ¼ 1;…; s, check if jACðxiÞ−
CðxiÞj ≥ 1=3.

(4) If the fraction of inputs xi satisfying this condition is
greater than 1=2, output 1. Otherwise, output 0.
By a standard Chernoff bound with an appropriate
sample size s, this sampling procedure correctly dis-
tinguishesthecasewherethetruefractionis≥ 2=3 from
the case where it is ≤ 1=3 with high probability.

The entire procedure involves a polynomial number of
classical steps and a polynomial number of runs on a
quantum computer, so the problem is in BQP.
The problem is not in BPP (Classically hard). We

show this by contradiction. Suppose there exists a poly-
nomial-time classical algorithm D that can solve
DETECTINGQUANTUMADVANTAGE. We will show how to
use D to solve any problem in BQP classically, which
would imply BPP ¼ BQP, contradicting our assumption.
Before diving into technicalities, we briefly explain the

main idea underlying our argument. Given any polynomial-
size quantum circuit C? that solves a decision problem in
BQP, we will construct a new polynomial-size quantum
circuit Cnew with input x that has the following properties.
(1) If the answer to the decision problem is YES, then the
output of the classical heuristic disagrees with the output of
the quantum circuit Cnew for most values of the input x.
(2) If the answer to the decision problem is NO, then the
output of the classical heuristic agrees with the output of the
quantum circuit Cnew for most values of the input x.
Therefore, the polynomial-time classical algorithm D, by
determining whether the classical heuristic is successful or
not, solves the decision problem.
Now we proceed with the formal proof. Let C? be a

polynomial-size quantum circuit that solves an instance of
an arbitrary problem in BQP. The circuit C? takes the all-
zero state j0mi as input, and when we measure the first
qubit of C?j0mi in the Z basis, we are promised that the
probability of observing 1 is either ≥ 2=3 (YES instance) or
≤ 1=3 (NO instance). We now construct a new circuit such
that applying D to the new circuit will enable one to
accurately distinguish between the YES and NO instances.
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Step 1: Random circuit construction. Let U ¼ UL � � �U1

be an n-qubit random quantum circuit where each Uj is a
layer of random two-qubit gates, and the total depth L can
be chosen arbitrarily as long as L is polynomial in n andm.
By choosing L to be at least linear in n with a sufficiently
large constant, it is known that U forms an ϵ-approximate
unitary 2-design with ϵ ¼ Oð1=2nÞ [21,135,136]. This
means the distribution over the random unitary U nearly
matches the Haar measure over all n-qubit unitaries SUð2nÞ
up to the second moment.
Step 2: Amplified circuit construction. To amplify the

success probability, we construct C?;ext that runs l ¼
Oðlog nÞ independent copies of C? and performs a coherent
majority vote:
(1) Run l copies of C? on separate ancilla registers.
(2) Apply a coherent majority vote circuit to the first

qubits of each copy, storing the result in a designated
ancilla qubit qmaj.

By standard concentration inequalities, such as the
Chernoff bound, this amplified circuit satisfies the
following:

(i) If C? is a YES instance: Pr½Measuring qmaj in
Z basis gives1� ≥ 1 − 2−ΩðlÞ ≥ 1 − 1=polyðnÞ.

(ii) If C? is a NO instance: Pr½Measuring qmaj in
Z basis gives1� ≤ 2−ΩðlÞ ≤ 1=polyðnÞ.

Note that C?;ext acts on mlþ 1 qubits.
Step 3: New circuit construction.We construct the circuit

Cnew that operates on the main n qubits plus all ancilla
qubits:

Cnew ¼ ðUL � � �U1 ⊗ IÞ · Controlled-ðU†
1 � � �U†

LÞ
· ðI ⊗ C?;extÞ; ðD2Þ

where Controlled-ðU†
1 � � �U†

LÞ applies U† ¼ U†
1 � � �U†

L to
the main n qubits conditioned on the majority vote qubit
qmaj being in the state j1i.
Let our observable be the Pauli operator O ¼ Z1 acting

on the first qubit of the main system, and our initial state
over the main and the ancilla systems be ρ ¼ jxihxj ⊗
j0mlþ1ih0mlþ1j for an input n-bit string x∈ f0; 1gn. Let us
analyze the true expectation value:

hZ1itrue;x ¼ tr½O · Cnew · ρ · C†
new�: ðD3Þ

We separate the analysis into two cases.
Case 1: C? is a YES instance. With probability

≥ 1 − 1=polyðnÞ, the majority vote qubit qmaj ¼ 1, so
the effective unitary applied to the main qubits is

Ueff ¼ UL � � �U1 · ðU†
1 � � �U†

LÞ ¼ I: ðD4Þ

Therefore, for any input bit string x∈ f0; 1gn, we have the
following:

jhZ1itrue;x − ð−1Þx1 j ≤ 1=polyðnÞ; ðD5Þ

where x1 denotes the first bit of the input string x.
Case 2: C? is a NO instance. With probability

≥ 1 − 1=polyðnÞ, the majority vote qubit qmaj ¼ 0, so
the effective unitary applied to the main qubits is just U.
Therefore,

jhZ1itrue;x − hxjU†Z1Ujxij ≤ 1=polyðnÞ: ðD6Þ

Because U forms a 1=polyðnÞ-approximate unitary
2-design, we have jhxjU†Z1Ujxij ≤ 1=polyðnÞ with high
probability over the choice of U. Hence, for any input bit
string x∈ f0; 1gn, we have

jhZ1itrue;x − 0j ≤ 1=polyðnÞ ðD7Þ

with high probability.
Now, we analyze how the LOWWEIGHTPAULIPROP heu-

ristic A simulates the new circuit Cnew layer by layer. The
LOWWEIGHTPAULIPROP heuristic evolves Z1 backward
through the entire circuit. The following lemma focuses
on propagation over the main n-qubit system and the first L
layers in Cnew.
Lemma 1 (Decay of Frobenius norm). Consider a main

system of n qubits and an ancillary system of n0 qubits. Let
U ¼ UL � � �U1 be a random quantum circuit on the main
n-qubit system, where each layer Uj consists of n=2 Haar-
random two-qubit gates acting on disjoint pairs of qubits.
Let Oheur be the operator computed by evolving Z1 acting
on nþ n0 qubits backward through U ⊗ I using the
classical LOWWEIGHTPAULIPROP heuristic. Then we have

EU½kOheurk2F� ¼
�
2

5

�
L
· 2nþn0 : ðD8Þ

Proof.We prove this by analyzing the evolution layer by
layer. We track how the squared Frobenius norm changes
as we apply each layer of the heuristic evolution. Let
OðLÞ ¼ Z1. For j ¼ L down to 1, each step of the heuristic
evolution is given by

Oðj−1Þ ¼ P1ðU†
jO

ðjÞUjÞ; ðD9Þ

where P1 projects onto Pauli operators of weight at most 1.
Consider a single layer Uj consisting of Haar-random two-
qubit gates on disjoint pairs. Because the unitary Uj acts
only on the first n qubits and all Pauli operators that act on
two or more qubits are truncated and the evolution
preserves the trace of zero, the ðnþ n0Þ-qubit operator
OðjÞ can be written as

OðjÞ ¼
Xn
i¼1

X
P∈ fX;Y;Zg

αðjÞPi
Pi; ðD10Þ

HUANG, CHOI, MCCLEAN, and PRESKILL PHYS. REV. X 16, 030501 (2026)

030501-22



where Pi acts as Pauli operator P on the ith qubit in the
main n-qubit systems and acts as identity I on all other
qubits. The squared Frobenius norm is

kOðjÞk2F ¼ 2nþn0
Xn
i¼1

X
P∈ fX;Y;Zg

jαðjÞPi
j2: ðD11Þ

For Z1, we have αZ1
¼ 1, and all other coefficients are zero,

so kZ1k2F ¼ 2nþn0 .
Since each qubit participates in exactly one two-qubit

gate per layer, and the gates are independent Haar-random
unitaries, we can formally compute the expected squared
Frobenius norm after one layer. After applying a two-qubit
gate layer Uj and projecting with P1, we get

Oðj−1Þ ¼ P1ðU†
jO

ðjÞUjÞ

¼
Xn
i0¼1

X
P0 ∈ fX;Y;Zg

αðj−1ÞP0
i0

P0
i0 ; ðD12Þ

where the new coefficients are

αðj−1ÞP0
i0

¼ 1

2nþn0 TrðP0
i0 · U

†
jO

ðjÞUjÞ

¼ 1

2nþn0

Xn
i¼1

X
P∈ fX;Y;Zg

αðjÞPi
TrðP0

i0U
†
jPiUjÞ: ðD13Þ

The squared Frobenius norm is

kOðj−1Þk2F ¼ 2nþn0
Xn
i0¼1

X
P0 ∈ fX;Y;Zg

jαðj−1ÞP0
i0

j2 ðD14Þ

¼ 2nþn0
Xn
i0¼1

X
P0 ∈ fX;Y;Zg

���� 1

2nþn0

Xn
i¼1

X
P∈ fX;Y;Zg

αðjÞPi
TrðP0

i0U
†
jPiUjÞ

����2 ðD15Þ

¼ 1

2nþn0

Xn
i0¼1

X
P0 ∈ fX;Y;Zg

����Xn
i¼1

X
P∈ fX;Y;Zg

αðjÞPi
TrðP0

i0U
†
jPiUjÞ

����2 ðD16Þ

Taking expectation over the random two-qubit gate layer Uj:

EUj
½kOðj−1Þk2F� ðD17Þ

¼ 1

2nþn0

Xn
i0¼1

X
P0 ∈ fX;Y;Zg

EUj

�����Xn
i¼1

X
P∈ fX;Y;Zg

αðjÞPi
TrðP0

i0U
†
jPiUjÞ

����2
�

ðD18Þ

¼ 1

2nþn0

Xn
i0¼1

Xn
i;i00¼1

X
P∈ fX;Y;Zg
P0 ∈ fX;Y;Zg
P00 ∈ fX;Y;Zg

αðjÞPi
αðjÞP00

i00
EUj

h
TrðP0

i0U
†
jPiUjÞTrðP0

i0U
†
jP

00
i00UjÞ

i
ðD19Þ

¼ 1

2nþn0

Xn
i0¼1

Xn
i;i00¼1

X
P∈ fX;Y;Zg
P0 ∈ fX;Y;Zg
P00 ∈ fX;Y;Zg

αðjÞPi
αðjÞP00

i00
EUj

	
TrðP0

i0U
†
jPiUjÞTrðP0

i0U
†
jP

00
i00UjÞ



: ðD20Þ

Now we need to compute the expectation
EUj

½TrðP0
i0U

†
jPiUjÞTrðP0

i0U
†
jP

00
i00UjÞ�. Since each qubit par-

ticipates in exactly one two-qubit gate per circuit layer, we
have two cases.

(i) Case 1: Qubits i and i00 are involved in different two-
qubit gates. Let gate V1 act on qubits fi; jg and
gate V2 act on qubits fi00; j00g, where fi; jg ∩
fi00; j00g ¼ ∅. Since V1 and V2 are independent
Haar-random gates, and Pi acts only on the space

of V1 while P00
i00 acts only on the space of V2,

EV1;V2
½TrðP0

i0V
†
1PiV1ÞTrðP0

i0V
†
2P

00
i00V2Þ� ¼ 0: ðD21Þ

(ii) Case 2: Qubits i and i00 are involved in the same two-
qubit gate that acts on the two qubits fi; jg. For a
Haar-random two-qubit unitary gate V and single-
qubit Pauli operators Pi, P00

i00 , P
0
i0 acting within the

same two-qubit space fi; jg, we have
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EV ½TrðP0
i0V

†PiVÞTrðP0
i0V

†P00
i00VÞ� ¼

4nþn0

15
· δPi;P00

i00
;

ðD22Þ

from the standard Weingarten calculation for Haar-
random unitaries [135,136]. Here, δPi;P00

i00
is 1 if the

two n-qubit Pauli operators Pi; P00
i00 are the same and

0 otherwise. If i0 is not acted on by the two-qubit
gate V, then because P0

i0 is traceless, we have

EV ½TrðP0
i0V

†PiVÞTrðP0
i0V

†P00
i00VÞ� ¼ 0: ðD23Þ

Now, collecting all the surviving terms in the sum, we have

EUj
½kOðj−1Þk2F� ¼

4nþn0

2nþn0

Xn
i¼1

X
P∈fX;Y;Zg

6 ·
1

15
· jαðjÞPi

j2; ðD24Þ

where 6 comes from the possible choices of P0
i0 such

that qubit i0 is involved in the unique two-qubit gate
in Uj that acts on qubit i. Using kOðjÞk2F ¼
2nþn0 Pn

i¼1

P
P∈ fX;Y;Zg jαðjÞPi

j2, we have

EUj
½kOðj−1Þk2F� ¼

2

5
kOðjÞk2F: ðD25Þ

After L layers, we have

EU½kOheurk2F� ¼ EU½kOð0Þk2F� ¼
�
2

5

�
L
EU½kOðLÞk2F�

¼
�
2

5

�
L
kZ1k2F ¼

�
2

5

�
L
· 2nþn0 : ðD26Þ

This concludes the proof. ▪
Let P be the projection onto the subspace of weight-1

Pauli operators. Let TVðOÞ ¼ PðV†OVÞ be the map for
one step of the heuristic’s backward evolution through a
unitary V.
Lemma 2 (Nonincreasing Frobenius norm under the

heuristic evolution). For any unitary V acting on q qubits
and any operator O on the same space, we have

kTVðOÞkF ≤ kOkF: ðD27Þ

Proof. Since V is unitary, conjugation by V preserves the
Frobenius norm: kV†OVkF ¼ kOkF. The projection P
onto a subspace can only decrease the Frobenius norm,
so kPðAÞkF ≤ kAkF for any operator A. Therefore, we
have the following:

kTVðOÞkF ¼ kPðV†OVÞkF ≤ kV†OVkF ¼ kOkF: ðD28Þ

This completes the proof. ▪

Now we analyze the classical heuristic’s simulation of
circuit Cnew. The circuit Cnew acts on the combined Hilbert
space of n main qubits and mlþ 1 ancilla qubits, for a
total of nþmlþ 1 qubits. The observable of interest is
Z1 ⊗ I⊗ðmlþ1Þ, which we denote as Zext

1 for the extended
system. The classical heuristic evolves Zext

1 back-
ward through the circuit Cnew ¼ ðUL ⊗ IÞ � � � ðU1 ⊗ IÞ ·
Controlled-ðU†Þ · ðI ⊗ C?;extÞ. We analyze this evolution in
reverse order:

(i) Backward evolution through the random circuit
layers ðUL ⊗ IÞ � � � ðU1 ⊗ IÞ: We start by evolving
Zext
1 backward through the L layers of random gates.

Each layer applies TUj⊗I to the current operator. Let

OL ¼ Zext
1 ¼ Z1 ⊗ I⊗ðmlþ1Þ. After backward evolu-

tion through j ¼ L down to 1:

Oj−1 ¼ TUj⊗IðOjÞ ¼ P½ðU†
j ⊗ IÞOjðUj ⊗ IÞ�:

ðD29Þ

Because the random circuit layers Uj act only on the
main n qubits, we have

Opostrandom ≔ O0 ¼ Oheur ðD30Þ

for the ðnþ n0Þ-qubit observable Oheur defined in
Lemma 1 with n0 ¼ mlþ 1. We have

EU½kOpostrandomk2F� ¼ EU½kOheurk2F�

¼
�
2

5

�
L
· 2nþmlþ1: ðD31Þ

This implies that over the choices of the L-layer
random quantum circuit U, the average Frobenius
norm decays exponentially in L.

(ii) Backward evolution through the controlled opera-
tion: The controlled operation is

Controlled-ðU†Þ ¼ j0ih0jqmaj
⊗ Imain ⊗ Irest

þ j1ih1jqmaj
⊗ U†

main ⊗ Irest:

ðD32Þ

After backward evolution, we have the observable:

Opostcontrolled ¼ TControlled-ðU†ÞðOpostrandomÞ: ðD33Þ

By Lemma 2, we have kOpostcontrolledkF ≤
kOpostrandomkF.

(iii) Backward evolution through ðI ⊗ C?;extÞ: Finally,
we evolve backward through ðI ⊗ C?;extÞ:
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Ofinal ¼ TI⊗C?;ext
ðOpostcontrolledÞ: ðD34Þ

By Lemma 2, we have kOfinalkF ≤ kOpostcontrolledkF.
Combining these inequalities, we obtain the following:

EU½kOfinalk2F� ≤ EU½kOpostcontrolledk2F� ≤ EU½kOpostrandomk2F�

≤
�
2

5

�
L
· 2nþmlþ1: ðD35Þ

By Markov’s inequality, with probability at least 1 − 2−n

over the choice of U, we have

kOfinalk2F ≤
�
2

5

�
L
· 22nþmlþ1: ðD36Þ

Therefore, for any input bit string x∈ f0; 1gn, we have

jhZ1iheur;xj ¼ jTr½Ofinal · ðjxihxj ⊗ j0mlþ1ih0mlþ1jÞ�j

≤ kOfinalkF ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
2

5

�
L
· 22nþmlþ1

s
: ðD37Þ

We can choose L arbitrarily as long as L is polynomial
in nþmlþ 1. By choosing L to be greater than
6ðnþmlþ 1Þ, we have ð2

5
ÞL · 22nþmlþ1 ≤ ð1=4Þnþmlþ1.

Hence, irrespective of the YES and NO instances, the
output of the classical heuristic for any input bit string
x∈ f0; 1gn satisfies

jhZ1iheur;xj ≤
�
1

2

�
nþmlþ1

ðD38Þ

for all except an exponentially small fraction of random
quantum circuits U.
Now we establish the separation between YES and NO

instances. For YES instances, for any input bit string
x∈ f0; 1gn, we have

jhZ1itrue;x − hZ1iheur;xj ≥ jð−1Þx1 j − jhZ1iheur;xj −
1

polyðnÞ
≥ 1 −

1

polyðnÞ >
2

3
ðD39Þ

for any sufficiently large n and all except exponentially
small fraction of random quantum circuit U. For NO
instances, for any input bit string x∈ f0; 1gn, we have

jhZ1itrue;x − hZ1iheur;xj ≤ jhZ1itrue;xj þ jhZ1iheur;xj

≤
1

polyðnÞ <
1

3
ðD40Þ

for any sufficiently large n and all except exponentially
small fraction of random quantum circuit U. This estab-
lishes the following:

(i) If C? is a YES instance, then a quantum computer
executing quantum circuit Cnew exhibits a compu-
tational advantage over LOWWEIGHTPAULIPROP, so
DðCnewÞ ¼ 1.

(ii) If C? is a NO instance, then a quantum computer
executing quantum circuit Cnew does not exhibit a
computational advantage over LOWWEIGHTPAULI-

PROP, so DðCnewÞ ¼ 0.
Therefore, we can solve the original BQP problem for C?

by the following classical algorithm:
(1) Construct the circuit Cnew from C? as described

above.
(2) Apply the assumed classical algorithm D to deter-

mine if a quantum computer executing quantum
circuit Cnew does not exhibit a computational ad-
vantage over LOWWEIGHTPAULIPROP.

(3) Output the result of D.
Since this procedure works for any BQP problem and
runs in polynomial time, we would have BPP ¼ BQP,
contradicting our assumption that BPP ≠ BQP. Therefore,
no polynomial-time classical algorithm can solveDetecting-
QuantumAdvantage, completing the proof. ▪
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